MODEL
MEANING

HOW TO INTERPRET STATISTICAL MODELSWITH RAND PYTHON

Vincent Arel-Bundock

A Chapman & Hall Book




Model to Meaning

Our world is complex. To make sense of it, data analysts routinely fit sophisticated
statistical or machine learning models. Interpreting the results produced by such
models can be challenging, and researchers often struggle to communicate their
findings to colleagues and stakeholders. Model to Meaning is a book designed to
bridge that gap. It is a practical guide for anyone who needs to translate model
outputs into accurate insights that are accessible to a wide audience. This book

e Presents a simple and powerful conceptual framework to interpret the results
from a wide variety of statistical or machine learning models.

e Features in-depth case studies covering topics such as causal inference,
experiments, interactions, categorical variables, multilevel regression,
weighting, and machine learning.

¢ Includes extensive practical examples in both R and Python using the
marginaleffects software.

e [s accompanied by comprehensive online documentation, tutorials, and
bonus case studies.

Model to Meaning introduces a simple and powerful conceptual framework to
help analysts describe the statistical quantities that can shed light on their re-
search questions, estimate those quantities, and communicate the results clearly
and rigorously. Based on this framework, the book proposes a consistent work-
flow that can be applied to (almost) any statistical or machine learning model.
Readers will learn how to transform complex parameter estimates into quantities
that are readily interpretable, intuitive, and understandable.

Written for data scientists, researchers, and students, the book addresses new-
comers seeking practical skills and experienced analysts who are ready to adopt
new tools and rethink entrenched habits. It offers useful ideas, concrete work-
flows, powerful software, and detailed case studies presented using real-world
data and code examples.

Vincent Arel-Bundock is Professor at the Université de Montréal, where he
teaches political economy and research methods. His research focuses on in-
terpreting statistical models more rigorously and making them more accessible.
Vincent is the creator of the widely used marginaleffects software package, avail-
able for both R and Python.
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1
Who is this book for?

1.1 The big picture

Our world is complex. To make sense of it, data analysts routinely fit so-
phisticated statistical or machine learning models. Interpreting the results
produced by such models can be challenging, and researchers often struggle to
communicate their findings to colleagues and stakeholders. Model to Meaning
is a book designed to bridge that gap. It is a practical guide for anyone who
needs to translate model outputs into accurate insights that are accessible to
a wide audience.

Model to Meaning introduces a conceptual framework to help you describe
the statistical quantities that can shed light on your research questions, use
models to estimate those quantities, and communicate the results clearly and
rigorously. Based on this conceptual framework, the book proposes an analysis
workflow which can be applied in consistent fashion to (almost) any model
you need to fit.

The Model to Meaning project was conceived to empower a broad range of
people—including data scientists, researchers, and students—who want to
improve their ability to interpret and communicate the results produced by
statistical or machine learning models. It is a book for the novice who seeks
new practical skills and understanding, but also for the seasoned researcher
who is ready to unlearn some old patterns and embrace new tools that can
improve their productivity and impact.

Part I of the book lays the groundwork by encouraging analysts to clearly
define their goals, and by introducing a simple conceptual framework to guide
model interpretation. The key idea that underpins this framework is that
we can often transform the raw parameter estimates obtained by fitting a
model into quantities that are much easier to interpret. Converting results
to a scale that feels natural to our audience can improve transparency and
communication.

Part II explains how the conceptual framework can be operationalized through
quantities of interest and tests, using concrete examples and real-world
datasets. It describes three broad classes of quantities of interest—predictions,

DOI: 10.1201/9781003560333-1 1
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counterfactual comparisons, and slopes—shows how to estimate them, and
explains how to design appropriate hypothesis tests to answer our research
questions.

Part III of the book presents detailed case studies to demonstrate how a
consistent workflow can be applied in model-agnostic fashion to various settings:
causal inference; experiments; interactions and polynomials; mixed effects
models; weighting; categorical outcomes; machine learning; and more. These
case studies do not exhaust the range of contexts where the tools and ideas in
this book can play an integral role. The website that accompanies this book
includes over 30 free chapters with detailed tutorials and notebooks.!

The level of technical sophistication required to follow the presentation is
modest. Readers familiar with concepts like logistic regression and p values
should feel comfortable with most of the material. Some of the case studies in
Part IIT cover more advanced modeling approaches, and extra reading materials
are cited when appropriate.

Throughout, explanations are accompanied by detailed code examples in R,
with Python translations collected in Appendix II. Readers who are not yet
familiar with basic data manipulation commands in R or Python may want to
consult an additional reference, such as Telling Stories with Data (Alexander,
2023), R for Data Science (Wickham et al., 2023), or Python for Data Analysis
(McKinney, 2022).

Parts of this text were adapted from an article by Arel-Bundock et al. (2024)
published in the Journal of Statistical Software.? 1 thank my co-authors
Noah Greifer and Andrew Heiss for their contributions to that article, the
marginaleffects software documentation, and code. I acknowledge the use
of large language models as writing and coding aids, and thank the Université
de Montréal for funding some software development.

Writing this book would not have been possible without the help and feedback
of many friends, marginaleffects users, readers, and contributors. I warmly
thank Arthur Albuquerque, Rohan Alexander, Marco Mendoza Avina, Etienne
Bacher, Tyson Barrett, Gabor Békés, Daniel K Berry, Mattan S Ben-Shachar,
Timothy Chisamore, Nicholas J Clark, Mark Clements, Simon P Couch, Sam
Crawley, Magl Coursonnais, Marcio Augusto Diniz, Michael Donnelly, Brett
Gall, Isabella R Ghement, Nadjim Fréchet, Alexander Fischer, Stefan Hansen,
Alex Hayes, Karl Ove Hufthammer, Philippe Joly, Adrien Lamarche, Florence
Laflamme, Daniel Lidecke, Grant McDermott, Artiom Matvei, A Jordan Nafa,
Reiko Okamoto, Demetri Pananos, Julia M Rohrer, Resul Umit, Roel Verbelen,
Matt Warkentin, Johannes Weytjens, Brenton Wiernik, Stephen Wild, and
Aaron Zipp. I also thank Christophe B. De Muri, Maria G and Dante G for
the art. Merci a Sari, Mailis et Béa, les plus meilleures du monde.

Thttps://marginaleffects.com
2Like all articles in the JSS, the text is published under a permissive Creative Commons
3.0 license. https://creativecommons.org/licenses/by/3.0/
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1.2 Software

The key idea that underpins this book is that the raw parameter estimates
obtained by fitting a model can often be transformed into more interpretable
quantities. Presenting results in a way that resonates with the audience en-
hances clarity, communication, and impact.

Unfortunately, computing intuitive statistical quantities, along with standard
errors, can be a tedious and error-prone process. Furthermore, whereas many
excellent packages exist to fit models, software often behaves in idiosyncratic
ways, producing objects with incompatible structures or inconsistent behavior.
This makes it difficult for analysts to maintain a consistent workflow across
projects.

To address this challenge, this book introduces a free and open source software
package, marginaleffects, which provides a single point of entry to interpret
results from over 100 classes of models in R and Python. This package simplifies
the interpretation process by offering a consistent and powerful user interface,
reducing the need for customized code, and minimizing the risk of errors.

Table 1.1 lists the main functions of the marginaleffects package. These
functions allow analysts to compute a wide range of quantities, grouped into
three categories.

1. predictions (Chapter 5): This family of functions computes and
plots predictions on different scales, at different levels of aggregation.

2. comparisons (Chapter 6): This family of functions computes and
plots counterfactual comparisons which can characterize the relation-
ships between two or more variables. This broad class of estimands
includes contrasts, differences, risk ratios, odds ratios, lift, etc.

3. slopes (Chapter 7): This family of functions computes and plots par-
tial derivatives of the outcome equation, commonly called “marginal
effects” in econometrics or “trends” in other disciplines.

The marginaleffects package includes many more powerful utilities. For
example, the hypotheses() function allows analysts to conduct hypothesis
or equivalence tests on parameter estimates, or on any of the other quantity
produced by the package. This makes it easy to make cross-group comparisons,
compare different effect sizes, and more. datagrid() is a convenient function
to create grids of predictor values; inferences() implements alternative
inferential strategies like the bootstrap; and get_draws() makes it easy to
extract draws from posterior distributions in Bayesian analyses.

The functions in marginaleffects greatly simplify the analysis of randomized
experiments, and can play a key role in analyzing observational data. They are
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Table 1.1: Main functions of the marginaleffects package.

Goal Function

Predictions predictions()
avg_predictions()
plot_predictions()

Comparisons comparisons ()
avg_comparisons ()
plot_comparisons()

Slopes slopes ()
avg_slopes()
plot_slopes()

Grids datagrid()

Hypotheses and Equivalence  hypotheses()

Bayes, Bootstrap, Simulation get_draws()

inferences ()

available in two programming languages, and compatible with over 100 classes
of models—more than any comparable package. Supported models include
linear, generalized linear (GLM), generalized additive (GAM), mixed-effects,
fixed-effects, Bayesian models, and more.

Writing this book was only possible thanks to the work of many developers,
including R Core Team (2022), Richardson et al. (2025), Birkner (2017),
Liidecke, Waggoner and Makowski (2019), Dowle and Srinivasan (2022), Blair
et al. (2024), Bergé (2018), Zeileis and Croissant (2010), Kay (2023), Wickham
(2016), Brooks et al. (2017), Miiller (2020), Xie (2025), Venables and Ripley
(2002a), Arel-Bundock (2022), Genz and Bretz (2009), Csardi and Miihleisen
(2024), Venables and Ripley (2002b), Pedersen (2024), Eddelbuettel et al.
(2025), Bates and Eddelbuettel (2013), Henry and Wickham (2023), Lang
(2017), Allaire et al. (2022), Zeileis et al. (2020), Kuhn and Wickham (2020),
Arel-Bundock (2025), and Seabold and Perktold (2010).

1.3 Documentation

The marginaleffects package is accompanied by extensive documentation,
available both online and in manual pages. In an R session, users can access
the manual pages for any function using the standard help syntax.
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?predictions
7comparisons
7?slopes

In Python, documentation is available through the built-in help system.

help(predictions)
help(comparisons
help(slopes)

Comprehensive documentation is also hosted on the package website, which
includes detailed function references, tutorials, and examples for both R and
Python users. This website is regularly updated with new features and use
cases.

https://marginaleffects.com

1.4 Data

All datasets used in this book can be accessed with the get_dataset () function
from the marginaleffects package. This function can download data from two
sources: the marginaleffects archive contains datasets specifically curated
for this book and the Rdatasets archive is a collection of over 2500 datasets
which are commonly used in R packages and statistical education.

For example, the code that follows downloads data about the Titanic and
displays the first few cells of information.

library(marginaleffects)
dat = get_dataset("Titanic", "Stat2Data")
dat[1:5, c("Name", "Survived", "Age")]

Name Survived  Age

1 Allen, Miss Elisabeth Walton 1 29.00
2 Allison, Miss Helen Loraine 0 2.00
3 Allison, Mr Hudson Joshua Creighton 0 30.00
4 Allison, Mrs Hudson JC (Bessie Waldo Daniels) 0 25.00
5 Allison, Master Hudson Trevor 1 0.92

We can also search through available datasets using plain strings or regular
expressions. To find all datasets related to the Titanic, we use the search
argument.

get_dataset(search = "Titanic")


https://marginaleffects.com

6 Who is this book for?

Each dataset comes with detailed documentation that you can view in your
browser.

get_dataset("Titanic", "Stat2Data", docs = TRUE)

The datasets used in the Model to Meaning book can also be downloaded in
CSV and Parquet formats at this URL:

https://marginaleffects.com/data/model to_ meaning.zip


https://marginaleffects.com/data/model_to_meaning.zip
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2

Models and meaning

The best way to start a data analysis project is to set clear goals. This chapter
explores four of the main objectives that data analysts pursue when they fit
statistical models or deploy machine learning algorithms: model description,
data description, causal inference, and out-of-sample prediction.

To achieve these goals, it is crucial to articulate well-defined research questions,
and to explicitly specify the statistical quantities—the estimands—that can
shed light on those questions. Ideally, estimands should be expressed in the
simplest form possible, on a scale that feels intuitive to stakeholders, colleagues,
and domain experts.

This chapter concludes by discussing some of the challenges that arise when
trying to make sense of complex models. In many cases, the parameters of
our models do not directly align with the estimands that actually interest us.
Often, we must transform parameter estimates into quantities that directly
inform our research questions, and that our audience will readily understand.

2.1 Why fit a model?

The first challenge that all researchers must take on is to transparently state
what they hope to achieve with an analysis. Below, I survey four of the
goals that an analyst can pursue: model description, data description, causal
inference, and out-of-sample prediction.

2.1.1 Model description

The primary aim of model description is to understand how a fitted model
behaves in different scenarios. Here, the focus is on the internal workings of the
model itself, rather than on making predictions or inferences about the sample
or population. The analyst peeks inside the “black-box” to audit, debug, or
test how the model reacts to different inputs.

DOI: 10.1201/9781003560333-2 9
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Model description aligns closely with the concepts of interpretability, explain-
ability, and transparency in machine learning. It is an important activity, as it
can provide some measure of reassurance that a fitted model works as intended,
and is suitable for deployment.

To describe a fitted model’s behavior, the analyst might compute model-based
predictions, that is, the expected value of the outcome variable for different
subgroups of the sample.! For example, a real estate analyst may check if
their fitted model yields reasonable expectations about home prices in different
markets, and go back to the drawing board if those expectations are unrealistic.

In a different context, the analyst may conduct a counterfactual analysis to
see how a model’s predictions change when we alter the values of some predic-
tors.2 For instance, a financial analyst may wish to guard against algorithmic
discrimination by comparing what their model says about the default risk of
borrowers from different ethnic backgrounds, when we hold other predictors
constant.

2.1.2 Data description

Data description involves using statistical or machine learning models as tools
to describe a sample, or to draw descriptive inference about a population. The
objective here is to explore and understand the characteristics of the data,
often by summarizing their (joint) distribution. Descriptive and exploratory
data analysis can help analysts uncover new patterns, trends, and relationships.
It can stimulate the development of theory or raise new research questions
(Tukey, 1977).

Data description is arguably more demanding than model description, because
it imposes additional assumptions. Indeed, if the sample used to fit a model
is not representative of the target population, or if the estimator is biased,
descriptive inference may be misleading.

To describe their data, an analyst might use a statistical model to compute
the expected value of an outcome for different subgroups of the data.? For
example, a researcher could offer a summary description of forest coverage in
the Cote Nord or Cantons de I’Est regions of Québec.

2.1.3 Causal inference

In causal inference our goal is to estimate the effect of an intervention (a.k.a.,
treatment, explanator, independent variable, or predictor) on some outcome
(a.k.a., response or dependent variable). This is a fundamental activity in all

LChapter 5.
2Chapter 6.
3Chapter 5
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fields where understanding the consequences of a phenomenon helps us make
informed decisions or policy recommendations.

Causal inference is one of the most ambitious and challenging tasks in data
analysis. It typically requires careful experimental design or statistical models
that can adjust for all confounders in observational data. Several theoretical
frameworks have been developed to help us understand the assumptions
required to make credible claims about causality. Here, I briefly highlight two
of the most important.

The structural causal models approach, developed by Judea Pearl and col-
leagues, encodes causal relationships as a set of equations that describe how
variables influence each other. These equations can be represented visually by a
directed acyclic graph (DAG), where nodes correspond to variables and arrows
to causal effects. Consider Figure 2.1, which shows the causal relationships
between a treatment X, an outcome Y, and two confounding variables Z and
W. Graphs like this one help us visualize the theorized data generating process
and communicate our assumptions transparently. By analyzing a DAG, we
can also learn if a research design and statistical model fulfill the conditions
required to identify a causal effect in a given context.*

X —Y

1/

zZ—Ww
Figure 2.1: Example of a directed acyclic graph.

Another influential theoretical approach to causality is the potential outcomes
framework, or Neyman-Rubin Causal Model. In this tradition, we think of
causal effects as comparisons between potential outcomes: what would happen
to the same individual under different treatment conditions? For each observa-
tion in a study, there are two potential outcomes. First, we ask what would
happen if unit i received the treatment. Then, we ask what would happen if
unit ¢ did not receive the treatment. Finally, we define the causal effect as
the difference between those two potential outcomes. Unfortunately, we can
only observe one potential outcome at a time, because an individual cannot
be part of both the treatment and control groups simultaneously. As a result,
it is impossible to directly observe the effect of a treatment on any single
unit of observation.® This inconvenient fact is often dubbed the “fundamental

40ne way to buttress claims of causal identification is to argue that a model satisfies the
“backdoor criterion” (Pearl, 2009). A set of control variables K fulfills this criterion relative
to a pair of variables (X,Y) if no node in K is downstream in the causal path from the
treatment X; and if elements of K “block” every path between X and Y that contains an
arrow into X.

5Note that repeated measurements do not solve this problem, since a person is not exactly
identical at times ¢ and ¢ + 1.
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problem of causal inference,” and it motivates the development of procedures
to estimate aggregated or average treatment effects (see Chapters 6 and 8) .

The literature on causality is vast, and a thorough discussion of Structural
Causal Models or the Neyman-Rubin Model lies outside the scope of this
book.® Nevertheless, it is useful to reflect a bit on the language that data
analysts use when discussing their empirical results.

When a research design does not satisfy the strict requirements for causal
identification, researchers will often revise their texts, replacing strong causal
words by weak associational terms. For instance, they may strike out words
like “cause”, “affect”, “influence”, or “increase” from observational studies, and
replace them by terms such as “link”, “association”, or “correlation.” Paying
attention to the words we use to describe statistical results is one way to
remind our audience that association does not necessarily imply causation

(Hill et al., 2024).

In recent years, though, some have started to push back against the use of causal
euphemisms (Grosz et al., 2020; Hernén, 2018). The problem is that researchers
and their audiences often care about causation, not mere association, and that
pretending otherwise may be counterproductive. Consider the large number of
studies published on the “association between daily alcohol intake and risk of
all-cause mortality” (Zhao et al., 2023). The research question that motivates
this work is fundamentally causal: readers hope to learn how much longer
they might live if they stopped drinking, and policy makers wish to know if
discouraging alcohol intake would be good for public health. We do not care
about mere association; we care about the effects of a cause!

Changing a few adjectives in a paper does not fundamentally change the
research question, and it does not absolve us of the responsibility to justify
our assumptions. In fact, avoiding causal language may introduce ambiguity
about a researcher’s goals, and could hinder scientific progress.

What are we to do? One way out of this conundrum is transparency. Researchers
can candidly state: “I am interested in the causal effect of X on Y, but my
research design and data are limited, so I cannot make strong causal claims.”
When both the goals of an analysis and the violations of its assumptions are
laid out clearly, readers can interpret (and discount) the results appropriately.

Part II of this book presents two broad classes of estimands which can be used
to characterize either the “association” between two variables, or the “effect” of
one variable on another (Chapters 6 and 7). When describing those quantities,
I will not shy away from using causal words like “increase,” “change,” or
“affect.” However, analysts should be mindful that when conditions for causal

6Readers who need to know if their statistical results can be interpreted as causal estimates
are encouraged to read one of the many excellent books published on the topic, e.g., Pearl
(2009), Angrist and Pischke (2009), Morgan and Winship (2015), Imbens and Rubin (2015),
Pearl and Mackenzie (2018), Herndn and Robins (2020), or Ding (2024).
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identification are violated, they have a duty to signal those violations explicitly
and clearly to their audience.

2.1.4 Out-of-sample prediction

Out-of-sample prediction and forecasting aim to predict future or unseen data
points based on a model fit on existing data. This is particularly challenging
due to the need to ensure that our model does not overfit the data and
generalizes well (James et al., 2021). Furthermore, out-of-sample prediction
imposes additional requirements on the stability of the data distribution, and
on the absence of changes in exogenous factors between the training sample
and the target data. For example, a model trained to predict the probability
of loan default may no longer perform well after an economic crisis changes
the personal finances of a large portion of the population.

Out-of-sample prediction is not the main focus of this book, but Section 14.4
presents a case study on conformal prediction, a flexible strategy to make
predictions and build intervals that will cover a specified proportion of out-of-
sample observations.

2.2 What is your estimand?

Once the overarching goal of an analysis is posed, the next step is to rigorously
define the target of our inquiry, that is, the specific value that would shed light
on our research question. In this book, I will call this target the “quantity of
interest” or the “estimand.”

An estimand is the quantity or parameter that we seek to learn. An estimator
is the statistical method, algorithm, or mathematical formula that we apply
to our data to gain insight into the estimand. An estimate is the numerical
result that we obtain by applying an estimator to data; it is our best guess of
the estimand’s true value based on the available information. For example, if
we want to know the average height of all adults in a country (estimand), we
might use the mean formula (estimator) to calculate that the average height is
170cm in a random sample from the population (estimate).

In statistical training and practice, much emphasis is placed on the various
estimators that one can deploy, and on the interpretation of parameter esti-
mates. Estimands do not always get as much attention. This is unfortunate,
because a clear definition of the quantity of interest is essential to ensure that
the estimator we choose, and the estimates we compute, speak to our research
question. As Lundberg et al. (2021) write:
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“In every quantitative paper we read, every quantitative talk we attend,
and every quantitative article we write, we should all ask one question:
what is the estimand? The estimand is the object of inquiry—it is the
precise quantity about which we marshal data to draw an inference.”

This injunction is sensible, yet many of us conduct statistical tests without
explicitly defining the quantity of interest, and without explaining exactly
how this quantity answers the research question. This lack of clarity impedes
communication between researchers and audiences, and it can lead us all astray.

To see how, imagine a dataset produced by the same data generating process
as in Figure 2.1. Further assume that relationships between all variables are
linear. In that context, we can estimate the causal effect of X and Y by fitting
a linear model.”

Y =01+ B2 X + B3 Z + aW + ¢ (2.1)

At first glance, it may seem that this model allows us to simultaneously
and separately estimate the effects of X, Z, and W on Y. Unfortunately,
the coefficients in Equation 2.1 do not have such a straightforward causal
interpretation.

On the one hand, the model includes enough control variables to eliminate
confounding with respect to X.® As a result, 32 can be interpreted causally, as
an estimate of the effect of X on Y. On the other hand, Equation 2.1 includes
a control variable that is post-treatment with respect to Z: the model adjusts
for W, which lies downstream on the causal path from Z and Y. As a result,
Bg should not be interpreted as capturing the total causal effect of Z on Y
(Keele et al., 2020; Cinelli et al., 2024).°

This illustrates what Westreich and Greenland (2013) call the “Table 2 Fallacy”:
two similar-looking statistical quantities, estimated by a single regression model,
can have very different substantive interpretations. More often than not, the
coefficients associated with control variables in a regression model are incidental
to the analysis. It is a mistake to interpret them individually, one after the
other, as if they each captured a causal effect or correlation of interest. To
avoid this trap, researchers must define their estimand explicitly, and only
highlight the empirical quantities that are actually relevant to this estimand.

7If the DAG is correct, adjusting for T in the regression model is sufficient to satisfy the
backdoor criterion (Hernédn and Robins, 2020). Controlling for Z is not strictly necessary to
estimate the effect X on Y, but it may improve the precision of our estimates.

8In the language of Pearl and Mackenzie (2018) and Morgan and Winship (2015), the
backdoors between X and Y are closed.

91In the spirit of mediation analysis, /5’3 could be interpreted as an estimate of the “direct”
effect of Z on Y, rather than its “total” effect. However, this interpretation requires stringent
assumptions that are rarely satisfied in practice (Imai et al., 2011; Pearl, 2014). Likewise, B4
cannot be interpreted as the total effect of W on Y.
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If defining one’s estimands is so important, why do many researchers neglect
to do so? Part of the explanation may simply be that statistical and causal
inference are hard problems. It can often be difficult for researchers to follow
a consistent thread through theory development, study design, measurement,
and statistical modeling, all the way to estimates. To compound this challenge,
the terminology used to describe quantities of interest is, frankly, a big mess. In
fact, many widely used technical terms have parallel or outright contradictory
meanings.

Consider the popular expression “marginal effect.” In some disciplines, like
economics and political science, a marginal effect is defined as the slope of
the outcome with respect to one of the model’s predictors. In that context,
the word “marginal” evokes the effect of a small change in one of the model’s
predictors on the outcome.'® In contrast, researchers from other disciplines
who write the same words usually signal that they are “marginalizing,” or
taking an average of unit-level estimates.'! In the former case, “marginal effect”
refers to a derivative; in the latter, it refers an integral. The same expression
has two exactly opposite meanings!

One of the main goals of this book is to empower researchers to overcome
terminological ambiguity, and to help them define estimands clearly and easily.
To that end, Chapter 3 introduces a powerful new conceptual framework. By
answering five simple questions, analysts can rigorously define their quantities
of interest, and communicate their results clearly.

2.3 Making sense of parameter estimates

Consider a typical statistical setting where the analyst asks a research question
and selects a model to meet domain-specific requirements. Perhaps the model
is designed to capture a salient feature of the data-generating process, achieve
a satisfactory level of goodness-of-fit, or control for confounders that could
introduce bias in a causal estimate. The analyst fits their model using an
estimator, and obtains parameter estimates along with standard errors.

Even if a fitted model is relatively simple, the parameter estimates it generates
may not map directly onto an estimand that could inform one’s research
question; the raw parameters may be very difficult to interpret substantively.
For example, an analyst who fits a logistic regression model to a binary outcome
will typically get coeflicient estimates expressed as log odds ratios, that is, as
the natural logarithm of a ratio-of-ratios-of-probabilities. Despite the simple

10Chapter 7
HSection 3.3
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nature of this model, its parameters are still expressed as complicated functions
of probabilities.

But even the most straightforward probabilities are notoriously challenging to
grasp intuitively. Indeed, a substantial body of literature in psychology and
behavioral economics documents various biases that distort how individuals
perceive and make decisions based on them. In their seminal work, Kahneman
and Tversky (1979) argue that people tend to “underweight outcomes that are
merely probable in comparison with outcomes that are obtained with certainty.”
Numerous other biases have been identified over the years, including the “base
rate fallacy” and various “conservative biases” (Nickerson, 2004).

If understanding simple probabilities is already difficult, how can we expect
colleagues and stakeholders to grasp weird concepts like odds ratios? How
should we interpret the estimates produced by fancy regression models with
splines and interactions? How can we help our audience understand the results
produced by mixed-effects Bayesian models, or by complex machine learning
algorithms?

The main contention of this book is that, in most cases, analysts should not
focus on the raw parameters of their models. Instead, they should transform
those parameters into quantities that make more intuitive sense, and that
shed light directly onto their research question. Instead of reporting log odds
ratios, analysts who fit logistic regressions should transform coefficients into
predicted probabilities, and compare predictions made with different values of
the predictors.

In Chapter 3, I will argue that this particular transformation, from logit
coefficients to predicted probabilities, is but one example of a much more
general workflow. This workflow can be applied consistently, in model-agnostic
fashion, to interpret the results of over 100 different classes of statistical and
machine learning models. By learning one conceptual framework, and one set
of tools, analysts can make sense of an extraordinarily large array of modeling
contexts.



3

Conceptual framework

A parameter is just a resting
stone on the road to prediction.

Philip Dawid*

This chapter introduces a conceptual framework to aid the interpretation of
a wide variety of statistical and machine learning models. This framework is
motivated by a simple argument: instead of focusing on the parameters of a
fitted model, analysts should convert those parameters into quantities that
make more intuitive sense to readers and stakeholders. By applying post-hoc
transformations, researchers can easily go from model to meaning.

The proposed workflow is both model-agnostic and consistent. Every single
analysis starts from the same place: defining the quantity of interest. To do
this, we ask three critical questions:

1. Quantity: Do we wish to estimate the level of a variable, the associa-
tion between two (or more) variables, or the effect of a cause?

2. Predictors: What predictor values are we interested in?

3. Aggregation: Do we care about unit-level or aggregated estimates?

With a clear description of the estimand in hand, we ask two further questions:

4. Uncertainty: How do we quantify uncertainty about our estimates?
5. Test: Which hypothesis or equivalence tests are relevant?

These five questions give us a structured way to think about the quantities
and tests that matter. They lead us to clear definitions of those quantities, and
dispel terminological ambiguity. Importantly, the answers to those questions
also point to the specific software commands that one needs to execute in
order to run appropriate calculations. The rest of the chapter surveys each of
the five questions.

*Dawid is Emeritus Professor of Statistics at Cambridge University. The quote in
epigraph was attributed to him by Stephen Senn (Molak, 2024). It may be a paraphrase of
Dawid (1985, p.125).
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3.1 Quantity

The parameters of a statistical model are often difficult to interpret, and they
do not always shed direct light onto the research questions that interest us. In
many contexts, it helps to transform parameter estimates into quantities with
a more natural and domain-relevant meaning.

For example, the analyst who fits a logistic regression model obtains coefficient
estimates expressed as log odds ratios. For most people, this scale is very
difficult to reason about. Instead of struggling with complex amalgams of
probabilities, analysts should transform estimates into more intuitive quantities,
like predicted probabilities or risk differences.

Section 3.1.1 exposes the theoretical underpinnings of post hoc transforma-
tions: the plug-in principle and the invariance property maximum likelihood.
Empirically-minded readers who are less interested in statistical theory may
skip that part of the text.

Section 3.1.2 surveys the three classes of quantities of interest at the heart of
this book: predictions, counterfactual comparisons, and slopes. These quantities
are introduced briefly here, but given chapter-length treatments in Part II.

3.1.1 Theoretical background

There are two primary theoretical justifications for post-estimation transforma-
tions: the plug-in principle and the invariance property of maximum likelihood
estimators (MLE).

The intuition behind the plug-in principle is simple. To infer some feature of a
population, we can study the same feature in a sample, and plug-in our sample
estimate in lieu of the population value (Aronow and Miller, 2019).

To formalize this idea a bit, consider a sample Y7, ...,Y, drawn from a distribu-
tion F'. For example, F' could represent the distribution of ages in a population,
and Y7 could be the observed age of a single individual. Imagine that we
care about a statistical functional® v of this distribution, § = ¥ (F). In this
context, 6 could represent the average age of the population, the distribution
variance, or the coefficient of a regression model designed to capture the data
generating process for F'. Since we do not know the age of every individual in
the population, we cannot trace the full distribution F' and we cannot compute
the true ¢ (F') directly.

The plug-in principle says that we do not need to know the exact distribution
F to learn something about ¥ (F). Instead, we can estimate the quantity

LA statistical functional is a map from distribution F to a real number or vector.
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of interest by studying the empirical distribution? of a random sample of n
individuals, F,. More specifically, the plug-in principle states that if 6 = ¢ (F)
is a statistical functional of the probability distribution F', and if some mild
regularity conditions are satisfied,® we can estimate # using the sample analogue

As Aronow and Miller (2019) note, the implications for statistical practice are
profound. When the number of observations increases, the empirical distribution
function will tend to approximate the population distribution function. When
the number of observations increases, our estimate 6 will tend to approach 6.

These ideas empower us to target a broad array of quantities of interest. 6
could be as simple as the distribution mean; 6 could be a regression coefficient;
or 6 could be a more interesting quantity, defined as a function of regression
coefficients. More concretely, we can estimate the average age of a population
by computing the average age of the individuals in our sample, or we can guess
the value of a regression parameter in the population by computing the same
parameter in-sample.

The plug-in principle thus justifies the workflow proposed in this book. First,
we fit a regression model and obtain coefficient estimates that characterize the
empirical distribution of the data. Then, we apply a function to coefficient
estimates and transform them into more interpretable quantities. Finally, we
interpret those quantities as sample analogues to population characteristics.

A different way to motivate post hoc transformations is to draw on the invariance
property of MLE. This is a fundamental concept in statistical theory, which
highlights the efficiency and flexibility of MLE. The invariance property can
be stated as follows: if 6 is the MLE estimate of 6, then for any function ¢ (0),
the MLE of (0) is 1(0) (Berger and Casella, 2024, 259). In other words,
the desirable properties of MLEs—consistency, efficiency, and asymptotic
normality—are preserved under transformation.

This property is useful for practice, because it simplifies the estimation of
functions of parameters. For example, let’s say that we specify a regression
model to capture the effect of nutrition on children’s heights. We estimate the
coefficient 6 of this model via maximum likelihood, and obtain an estimate
6. Chapter 5 shows how one could apply a function ¢ to the coefficient 0, in
order to compute the predicted (or expected) value of the outcome variable
(height) for a given value of the explanatory variable (nutrition). The invariance
property says that if the coefficient estimate 6 has the desirable properties of a
maximum likelihood estimate, then the prediction 1/1(@) inherits those qualities.

In sum, it is often useful to apply post-estimation transformations to the
parameter estimates obtained by fitting a statistical model, in order to obtain

2P(z) =157 I(X;<=), VzER.
3See Aronow and Miller (2019, sec. 3.3.1) for an informal discussion of those conditions

and Wasserman (2006) for more details.
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more meaningful and interpretable quantities. This kind of post hoc transfor-
mation is well-grounded in statistical theory, via the plug-in principle and the
invariance property of MLE.

3.1.2 Predictions, counterfactual comparisons, and slopes

In this book, we will target three broad classes of estimands: predictions,
counterfactual comparisons, and slopes. Part IT dedicates a full chapter to each
of them, with many concrete examples drawing on real-world datasets. The
present section foreshadows that in-depth analysis by briefly introducing each
quantity.

Predictions
The first class of transformations to consider is the prediction.

A prediction is the expected outcome of a fitted model for a given combination
of predictor values.

Consider the general setting where we fit a statistical model by minimizing
some loss function £. For a standard linear regression model, £ could represent
the sum of squared errors; for a model estimated by maximum likelihood, £
could be the negative log-likelihood. The coefficient estimates that allow us to
minimize loss can be written

B = argming L(Y, X, Z; ), (3.1)

where (3 is a vector of parameters; Y the outcome variable; X a focal predictor
which holds particular scientific interest; and Z a vector of control variables. In
Equation 3.1, the arg min operator simply means that the estimator is designed
to find the value of § that minimize L.

Once we obtain estimates of the 8 parameters, we can use them to compute
predictions for particular values of the predictors X and Z. To do this, we
plug-in the predictors and estimates into an appropriate function .

YV =&(X =2,Z=27), (3.2)

The choice of @, of course, depends on the model specification. When fitting a
model using ordinary least squares, ® can be a simple linear combination of
coefficients and predictors. When Y is a probability, bounded by 0 and 1, ®
can be the logistic or normal distribution functions.*

To make things more concrete, imagine that we wish to describe children’s
heights (V') as a function of age (X) and caloric intake (Z). The dependent

4The former would match a logit regression and the latter a probit regression.
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variable is numeric and continuous, so we specify a linear regression model
with an intercept and two coefficients. After fitting the model, we obtain the
following estimates: the intercept is estimated to be ﬁo = 60, the coefficient
for age is 1 = 6.5, and the coefficient for caloric intake is 82 = 0.01.

Now, let’s transform these estimates into a prediction. More specifically, let’s
use our fitted model to compute the expected height of an 11-year-old child who
eats 1800 calories per day. To achieve this, we define ® as a linear combination
of coefficients and predictors, and we plug-in the child’s personal characteristics
and our parameter estimates into Equation 3.2.

Y = ®(Age = 11, Calories = 1800; o = 60, 51 = 6.5, B2 = 0.01)
= By + B1 - Age + B, - Calories
=60 +6.5-11+0.01 - 1800
= 149.5 cm

For this specific combination of predictor values, and given the estimated values
of the coefficients, our model predicts a height of 149.5 cm. This example
shows how easy it is to transform abstract-seeming parameters into a concrete,
meaningful, and interpretable quantity: the expected height of an 11-year-old
who consumes 1800 calories a day.

Throughout the book, we will perform these operations repeatedly, applying
them to more complex models and various ® functions. At times, we will
generate multiple predictions and aggregate them to obtain an average estimate.
In other instances, we will compare counterfactual predictions to estimate
treatment effects.

Counterfactual comparisons

If parameters are a resting stone on the way to prediction, predictions are a
springboard to comparison and causal inference. The second class of transfor-
mations to consider is thus the counterfactual comparison.

A counterfactual comparison is a function of two predictions made with
different predictor values.

Suppose we want to evaluate the effect of changing the focal predictor X from
0 (control group) to 1 (treatment group) on the predicted outcome Y, all else
equal. To do this, we compute two predictions: one with X = 0 and another
with X = 1, while keeping all control variables at fixed values Z = z.

=z ) Treatment

1,Z
YX:QZ:Z =0(X=0,Z= Z;B) Control
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These two Y predictions are called “counterfactual,” because they represent
the expected outcomes for hypothetical scenarios where the focal predictor X
is different from what we factually observe in the data. Here, the key idea is
to use a statistical model to extrapolate, to predict what would happen to Y
if X took on different values.

The next step in the analysis is to choose a function to compare the relative size
of the two counterfactual predictions. One natural choice is to simply subtract
one from the other. This gives us the difference in predicted outcome between
the treatment and control groups, for individuals with identical background
characteristics z.

Yx—1,2=2 — Yx—0,z=2

If }A/X:LZZZ > YX:O,Z:z; our model tells us that being part of the treatment
group is associated with higher values of Y, for individuals with background
characteristics Z = z.

Chapter 6 shows that this is but one example of a versatile strategy, which can
be extended into at least three directions. First, depending on the model type,
the predicted outcome Y can be expressed on a variety of scales. In linear
regression, Y is a real number. Using a logistic regression, one could predict
and compare predicted probabilities. With Poisson models, we could compare
expected outcomes expressed as counts.’

Second, the analyst can select different counterfactual values of the focal
predictor X. In the example above, X was fixed to 0 or 1. In Chapter 6, we
will use different counterfactual values to estimate how the predicted value Y
reacts when X changes by 1 or more units (e.g., one standard deviation), or
from one category to another.

Third, a counterfactual comparison can be expressed as any function of two

T . C Yxerz—
predictions. It can be a difference Yx—1 z—, — Yx—0,2z=2, a ratio ﬁ, the
cee Y1225 —YX 20,225 . . . .
lift === —2=02=% or even more complex (and unintelligible) functions like

odds ratios.

Counterfactual comparisons are a fundamental building block for causal infer-
ence. Indeed, when conditions for causal identification are satisfied, they will
often be interpreted as measures of the effect of X on Y.6

That said, it is important to emphasize that counterfactual comparisons need
not have a causal interpretation. In some contexts, it is perfectly reasonable

5In generalized linear models, we could also make predictions on the link scale, rather
than the response scale. The marginaleffects package allows both, but it is usually better
to use the response scale, because its interpretation is more intuitive.

6Section 2.1.3 and Chapter 8
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to interpret them purely in associational terms, as measures of the statistical
relationship between two variables X and Y, holding other variables constant.

To sum up, counterfactual comparisons are a broad class of estimands designed
to measure the association between two variables, or the effect of one variable
on another: contrasts, differences, risk ratios, lift, etc.

Slopes
The third class of transformations to consider is the slope.

A slope is the partial derivative of the regression equation with respect to a
focal predictor.

The slope is the rate at which a model’s predictions change when we modify
a focal predictor by a small amount, while keeping other predictors constant.
Slopes fall in the same toolbox as counterfactual comparisons; they help us
measure the strength of association between two variables, or the effect of one
variable on another, ceteris paribus.

In some disciplines like economics and political science, slopes are known as
“marginal effects,” where the word marginal indicates that we are looking at
the effect of a very small change in one of the predictors.” Chapter 7 offers
a lot more intuition about the nature of slopes or partial derivatives, and it
works through several concrete examples.

3.2 Predictors

Predictions, counterfactual comparisons, and slopes are conditional quantities,
which means that their values typically depend on all the predictors in a model.
Whenever an analyst reports one of these statistics, they must imperatively
disclose where it was evaluated in the predictor space. They must answer
questions like:

Is the prediction, comparison, or slope computed for a 20-year-old student
in the treatment group or for a 50-year-old literary critic in the control
group?

Answers to questions like this one can be expressed in terms of profiles and
grids.

A profile is a specific combination of values for a focal predictor X and a
vector of control variables Z. It is the set of predictor values for one observed
or hypothetical individual. Profiles can be observed, synthetic, or partially
synthetic. An observed profile is a combination of predictor values that actually

7Section 2.2
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appears in the sample. It represents the characteristics of an observed individual
or unit in our dataset. A synthetic profile represents a purely hypothetical
individual with representative or interesting characteristics, like sample means
or modes. A partially synthetic profile combines the two approaches. Here, we
take an actual observation from our dataset, and modify a focal predictor to
take on some meaningful value.

For example, imagine that we draw one observation with these characteristics
from a dataset: { Age=25, City=Montreal, Group=Control}. We can use this
information and a fitted model to compute a prediction for this observed
individual. Alternatively, we could modify the Group value to Treatment rather
than Control, and compute a prediction for the modified, partially synthetic,
profile. Doing so would allow us to answer a counterfactual what if question:
What would have happened to a 25-year-old Montrealer, if they had been part
of the treatment group instead of the control group.

A grid is a collection of one or more profiles. For example, it could hold
the empirical distribution of predictors, a grid with one row for each of the
individuals that we have actually observed. Using this grid, we could compute
one prediction (fitted value) for each row of our dataset. Alternatively, we
could construct a grid of synthetic profiles, that is, a grid with combinations
of predictors that we may not have actually observed, but that hold scientific
interest. With such a grid, we could make predictions for a specific type of
individual (e.g., 13-year-old boy), under different treatment regimes (e.g.,
placebo or treatment).

Defining the grid of predictors is a crucial step in model interpretation. Un-
less we specify a grid, we cannot clearly define the quantity of interest—or
estimand—that sheds light on a research question (Section 2.2). By defining a
grid, the analyst gives an explicit answer to this question: what kind of people
or units do estimates apply to?

In the rest of this section, we use the datagrid() function from the
marginaleffects package to construct and discuss a variety of grids. We
will build these grids by reference to a simulated dataset with 10 observations
on three variables: numeric, binary and categorical.

library(marginaleffects)
library(tinytable)

set.seed(48103)
N = 10
dat = data.frame(
Num = rnorm(N),
Bin = rbinom(N, size = 1, prob = 0.5),
Cat sample(c("A", "B", "C"), size = N, replace = TRUE)
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The code examples below rely on the pipe operator |> to send the output of
datagrid() to the tt () function from the tinytable package. This allows us
to display nicely formatted tables for each grid.

3.2.1 Empirical grid

The first type of grid to consider is most obvious. The empirical distribution is
simply the observed dataset. It is a grid composed of all the actually observed
profiles in our sample.

dat |> tt(O)

Num Bin Cat
—0.65471 0
—0.49825 1
0.33231 0
1.12147 0
—0.06395 1
1
1
1
1
0

=

1.5376
—0.11144
0.24231
—0.16921
0.57632

QW aQwWwwaoaaoawm =

Computing predictions on the empirical distribution is common practice in
data analysis, as it yields one fitted value for each observation in the sample.
When estimating counterfactual comparisons or slopes, analysts will often start
with the empirical grid, manipulate one focal predictor, and see how predicted
outcomes are affected.

Studying an empirical grid makes most sense when the observed sample is
representative of the population that the analyst targets for inference. When
working with convenience samples with very different characteristics from the
population, it may make sense to use one of the grids described below or to
apply weights as described in Chapter 12.

3.2.2 Interesting grid

If the analyst cares about units with specific profiles, they can use the
datagrid() function to create customized grids of “interesting” predictor
values. This is useful when one wants to compute a prediction or slope for
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an individual with given characteristics, such as a 50-year-old engineer from
Belgium.

By default, datagrid() fixes all variables to their means or modes, except for
those variables that the analyst has explicitly defined.

datagrid(Bin = c(0, 1), newdata = dat) [> tt()

Num Cat Bin rowid
0.2312 B 0 1
0.2312 B 1 2

Note that the Num variable was fixed to its mean value, and the Cat variable
to its mode, because neither variable was specified explicitly by the user.

datagrid() also accepts functions to be applied to the variables in the original
dataset. In R, the range function returns a vector of two values: the minimum
and the maximum of a variable; the mean function returns a single value; and
unique returns a vector of all unique values in a variable. With the following
function call, we get a grid with 2 x 1 x 3 = 6 rows.

datagrid(Num = range, Bin = mean, Cat = unique, newdata = dat) |> tt()

Num Bin Cat rowid
—0.6547 06 A 1
—0.6547 06 B 2
—-0.6547 06 C 3
1.5376 0.6 A 4
1.5376 06 B 5
1.5376 06 C 6

3.2.3 Representative grid

A representative grid is one where predictors are fixed to representative values,
such as means, medians, or modes. This kind of grid is useful when the analyst
wants to compute predictions, comparisons, or slopes for a typical or average
individual.

datagrid(grid_type = "mean_or_mode", newdata = dat) [> tt()
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Num Bin Cat rowid
0.2312 1 B 1

In Part IT of the book, we will see how representative grids allow us to compute
useful quantities such as “fitted value at the median” or “slope at the mean.
In both cases, the quantities of interest are evaluated at a central point in the
predictor space.

)

Studying representative grids may be useful when looking for a measure of
central tendency. It can also be beneficial for computational reasons, because
calculating a single statistic for a single profile is cheaper than computing one
statistic per row for a large dataset. On the downside, it is important to keep
in mind that, in some cases, nobody in the population is exactly average on
all dimensions. In that context, the interpretation of quantities computed on
representative grids is somewhat ambiguous.

3.2.4 Balanced grid

A balanced grid is a grid built from all unique combinations of categorical
variables, and where all numeric variables are held at their means.

To create a balanced grid, we fix numeric variables at their means and create
rows for each combination of values for the categorical variables (i.e., the
cartesian product). In the next table, Num is held at its mean, and rows show
all combinations of unique Bin and Cat.

datagrid(grid_type = "balanced", newdata = dat) |> tt()

Num Bin Cat rowid

0.2312 0 A 1
0.2312 0 B 2
0.2312 0 C 3
0.2312 1 A 4
0.2312 1 B 5
0.2312 1 C 6

Balanced grids are often used to analyze the results of factorial experiments in
convenience samples, where the empirical distribution of predictor values is
not representative of the target population. In that context, the analyst may
wish to report estimates for each combination of treatments, that is, for each
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cell in a balanced grid. We will see balanced grids in action in Section 5.3,
when computing marginal means.®

3.2.5 Counterfactual grid

The last type of grid to consider is counterfactual. Here, we duplicate the entire
dataset, creating one copy for every combination of values that the analyst
supplies.

In the example that follows, we specify that Bin must take on values of 0
or 1. Then, we create two copies of the full dataset. In the first copy, Bin is
fixed to 0; in the second copy, it is set to 1. All other variables are held at
their observed values. Since the original data had 10 rows, the counterfactual
dataset has 20 rows.

g = datagrid(
Bin = c(0, 1),
grid_type = "counterfactual",
newdata = dat

)

nrow(g)

[1]1 20

We can inspect the first three rows of each counterfactual version of the data
by filtering on the rowidcf column, which holds row indices. Notice how each
of the original rows has an exact duplicate, which differs only in terms of the
counterfactual Bin variable.

subset (g, rowidcf %in’ 1:3) |> tt()

Q

rowidef Num at Bin

1 —0.6547 A 0
2 —0.4982 A 0
3 0.3323 B 0
1 —0.6547 A 1
2 —0.4982 A 1
3 0.3323 B 1

This kind of duplication will be essential in chapters 6 and 8, where we explore
counterfactual analysis and causal inference.

8Balanced grids are used by default in the emmeans post-estimation software (Lenth,
2024).
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3.3 Aggregation

As noted above, predictions, counterfactual comparisons, and slopes are con-
ditional quantities, in the sense that they typically depend on the values of
all predictors in a model. When we compute these quantities over a grid of
predictor values, we obtain a collection of different point estimates: one for
each row of the grid.

If a grid has many rows, the large number of estimates that we generate can
be unwieldy, making it more difficult to extract clear and meaningful insights
from our models. To simplify the presentation of results, analysts might want
to aggregate unit-level estimates into more macro-level summaries. We can
think about several aggregation strategies.

o No aggregation: Unit-level estimates.

e Overall average: Average of unit-level estimates.

e Subgroup averages: Average of unit-level estimates within subgroups
of the data.

o Weighted averages: Weighted average of unit-level estimates, where
weights could be sampling weights or the inverse probability of
treatment assignment.

Aggregated estimates are very common in all fields of research. In Chapter 5,
we will compute average predictions or marginal means. In Chapter 6, we will
compute average counterfactual comparisons. In Chapter 8, we will see that
aggregating comparisons over different grids allows us to compute quantities
such as the Average Treatment Effect (ATE), the Average Treatment effect on
the Treated (ATT), or the Average Treatment effect on the Untreated (ATU).
In Chapter 7, we will compute average slopes (a.k.a. average marginal effects).

Aggregated estimates tend to be easier to interpret, and they can often be
estimated with greater precision than unit-level quantities. However, they also
come with an important downside, since they can mask interesting variation
across the sample. For example, imagine that the effect of a treatment is
strongly negative for some individuals, but strongly positive for others. In that
case, an estimate of the average treatment effect could be close to 0 because
positive and negative estimates cancel out. This aggregated quantity would
not adequately capture the nature of the data generating process, and it could
lead to misleading conclusions.
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3.4 Uncertainty

Whenever we report quantities of interest derived from a statistical model, it
is essential to provide estimates of our uncertainty. Without standard errors
or confidence intervals, readers cannot confidently assess if the reported values
or relationships are genuine, or if they could merely be the product of chance.

The marginaleffects package offers four primary methods for quantifying
uncertainty: the delta method (default), bootstrap, simulation-based inference,
and conformal prediction. Chapter 14 is entirely dedicated to uncertainty
quantification. It offers intuition, technical details, and hands-on demonstration
for all four of the approaches listed above. Here, we survey them briefly.

The delta method is the default and most common way to compute standard
errors for the kinds of quantities considered in this book. It is a statistical
technique to approximate the variance of a function of random variables.
Since all the quantities of interest described in this book can be seen as
transformations of model parameters, the delta method can be used to compute
standard errors for predictions, counterfactual comparisons, and slopes. The
delta method has many advantages: it is fast, flexible, and it can be paired with
robust variance estimates to account for heteroskedasticity, autocorrelation,
or clustering. The main disadvantages of the delta method are that it relies
on a coarse linear approximation, that it assumes a model’s parameters are
asymptotically normal, and that it requires functions of parameters to be
continuously differentiable.

The second strategy for uncertainty quantification is the bootstrap, a
resampling-based technique that generates empirical distributions for estimated
quantities by repeatedly sampling from the observed data. The bootstrap is
an extremely flexible approach, which can be useful when the delta method’s
assumptions are not met.

The third method, simulation-based inference, involves drawing simulated
coefficients from an assumed distribution, and then using those simulated
values repeatedly to compute quantities of interest. This strategy is particularly
effective when working with complex models or when estimating functions of
multiple parameters. It also provides an intuitive way to visualize uncertainty
through predictive distributions.

The fourth method, conformal prediction, is a flexible framework for uncertainty
quantification that provides valid prediction—rather than confidence—intervals
under minimal assumptions. Unlike traditional approaches that rely heavily on
model-specific assumptions or asymptotic approximations, conformal prediction
uses split sample strategies to construct intervals that are guaranteed to cover a
given share of out-of-sample data points. This method is particularly appealing
for its simplicity and adaptability to complex models.
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Chapters 5, 6, and 7 show how we can apply these strategies to construct
standard errors and confidence intervals around predictions, comparisons, and
slopes.

3.5 Test

Once we have computed a quantity of interest and its standard error, we can
finally conduct a test to see if our hypothesis or conjecture is correct. This
book covers two important testing procedures: null hypothesis and equivalence
tests. These procedures are widely used in data analysis, providing powerful
tools for making informed decisions based on model outputs.

Null hypothesis tests allow us to determine if there is sufficient evidence to
reject a presumed statement about a quantity of interest. For example, an
analyst could check if there is enough evidence to reject statements such as:

e Parameter estimates: The difference between the first and second
regression coefficients is equal to one.

e Predictions: The predicted number of goals in a game is two.

o Counterfactual comparison: The effect of a new medication on blood
pressure is null.

e Slope: The association between education and income is zero.

Equivalence tests, on the other hand, are used to provide evidence that the
difference between an estimate and some reference set is “negligible” or “unim-
portant.” For instance, we could use an equivalence test to support statements
such as:

e Parameter estimates: The first regression coefficient is practically
equivalent to the second regression coefficient.

e Predictions: The predicted probability of scoring a goal is not mean-
ingfully different from 2.

o Counterfactual comparisons: The effect of a new medication on blood
pressure is essentially the same as the effect of an existing treatment.

e Slope: The association between education and income is close to
zero.

In sum, null hypothesis tests allow us to establish a difference, whereas equiva-
lence tests allow us to establish a similarity or practical equivalence.

The marginaleffects package allows us to compute null hypothesis and
equivalence tests on raw parameter estimates, (non-)linear combinations of
those parameters, as well as on all the quantities estimated by the package:
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predictions, counterfactual comparisons, and slopes. Chapter 4 is entirely
dedicated to hypothesis and equivalence testing, and the rest of Part II shows
how these tests can be applied to other quantities of interest.

3.6 Summary

This chapter was written to address two problems:

a) The parameters of a statistical model are often difficult to interpret.
b) Analysts often fail to rigorously define the statistical quantities
(estimands) and tests that can shed light on their research questions.

We can solve these problems by transforming parameter estimates into quan-
tities with a straightforward interpretation and a direct link to our research
goals. In practice, this requires us to answer five questions:

1. Quantity: Do we wish to estimate the level of a variable, the associa-
tion between two (or more) variables, or the effect of a cause?
Predictors: What predictor values are we interested in?
Aggregation: Do we care about unit-level or aggregated estimates?
Uncertainty: How do we quantify uncertainty about our estimates?
Test: Which hypothesis or equivalence tests are relevant?

Uk o

The analysis workflow implied by these five questions is extremely flexible; it
allows us to define and compute a wide variety of quantities and tests. To see
this, we can refer to visual aids adapted from Heiss (2022).

The Data in Figure 3.1 represents a dataset with five rows and two variables: a
numeric and a categorical one. Each of the light gray cells in the first column
corresponds to a value of the numeric variable. The second column of the Data
represents a categorical variable, with gray and light gray cells showing distinct
categories.

Data Model Quantity
| ]
[
[ ] ]
[ ]
|

Figure 3.1: Unit-level estimates.

Using these two variables, we fit a statistical model. Then, we transform the
parameters of that statistical model to compute quantities of interest. These
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quantities could be predictions or fitted values.” They could be counterfactual
comparisons, such as risk differences.'® Or they could be slopes.'!

All of these quantities are conditional: their values typically depend on all the
predictors in the model. Thus, each row of the original dataset is associated
to a different estimate of the quantity of interest. We represent unit-level
estimates of the quantity of interest as black cells, on the right-hand side of
Figure 3.1.

Often, the analyst does not wish to compute or report one estimate for every
row of the original dataset. Instead, they prefer aggregating estimates across
the full dataset. For example, instead of reporting one prediction for each row
of the dataset, they could first compute individual fitted values, and then
marginalize them to obtain an average predicted outcome.

Figure 3.2 illustrates this extended workflow. We follow the same process as
above, but add an extra aggregation step at the end to convert unit-level
estimates into a one-number summary.

Data Model Quantity Aggregation
| .
[ ]
[ | . L
| .
L

Figure 3.2: Average estimate.

Recall that our Data includes a categorical variable, with distinct values
illustrated by gray and light gray cells. Instead of aggregating the unit-level
estimates across the full dataset, as in Figure 3.2, we could compute average
estimates in subgroups defined by the categorical variable. On the right side
of Figure 3.3, the first black cell represents an average estimate in the gray
subgroup. The second black cell represents the average estimate in the light
gray subgroup.

Data Model Quantity Aggregation
[ | L

T

[ | . —
| .
[ |

Figure 3.3: Group-average estimates.

9Chapter 5
10Chapter 6
11 Chapter 7
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So far, we have aggregated unit-level estimates computed on the empirical
grid, that is, we have taken averages across the set of 10 units of observation.
One alternative approach would be to build a smaller grid of predictors, and to
compute estimates directly on that smaller grid. The values in that grid could
represent units with particularly interesting features. For example, a medical
researcher could be interested in computing estimates for a specific patient
profile, between the ages of 18 and 35 with a particular biomarker.!? Alterna-
tively, the analyst could want to compute an estimate for a typical individual,
whose characteristics are exactly average or modal on all dimensions.'3

Figure 3.4 illustrates this approach. Based on the original data, we create a
one-row grid which holds the characteristics of a “typical” or “representative”
individual. Then, we use the model to compute an estimate—prediction,
comparison, or slope—for that synthetic individual.

Data Grid Model Quantity
|
| [ L
I

Figure 3.4: Estimates at representative values.

The last approach we consider, illustrated by Figure 3.5, combines both the
grid creation and the aggregation steps. First, we duplicate the entire dataset,
and we fix one of the variables at different values in each of the datasets. In
Section 3.2.5, we described this process as creating a counterfactual grid.

Data Grid Model Quantity Aggregation

[ ]

[ |

[ ]
i . [ ]
[ e mE .

. [

. [

. [

[ L

Figure 3.5: Counterfactual average estimates (G-computation).

In the top half of the duplicated grid, the categorical variable is set to a
single counterfactual value: light gray. In the bottom half of the duplicated

12G8ection 3.2.2
13Section 3.2.3
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grid, the categorical variable is set to a different counterfactual value: gray.
Using this grid and the fitted model, we compute estimates for every row.
Finally, we marginalize estimates across subgroups defined by the categorical
(counterfactual) variable. In Chapter 8, we will see that Figure 3.5 is a visual
representation of the G-computation algorithm.

To sum up, estimands and tests can be defined by focusing on their constituent
components: the quantity of interest, predictor grid, aggregation level, uncer-
tainty quantification, and hypothesis testing strategy. Taken together, these
components form a flexible framework for data analysis that can be adapted
to many scenarios. This conceptual framework is also easy to operationalize
via the consistent user interface of the marginaleffects package for R and
Python.
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4

Hypothesis and equivalence tests

This chapter introduces two statistical testing procedures: null hypothesis
and equivalence tests.! As we will see, these complementary technologies are
extremely versatile; they can be applied to all the quantities of interest studied
in this book.

A null hypothesis test is designed to assess if we can reject the possibility that
a population parameter—or function of parameters—takes on a specific value,
such as zero. Null hypothesis tests are common in all fields of data analysis.
They can help us answer questions like:

1. Does cognitive-behavioral therapy have a non-zero effect on depres-
sion?

2. Is the effect of a new drug different from the effect of an existing
treatment?

3. Is there a statistically significant difference in test scores between
students who attend public or private schools?

Equivalence tests flip the logic around. Instead of establishing a difference,
they are designed to make a case for similarity. For example, an equivalence
test could show that a drug’s estimated effect is “equivalent” to zero, or “not
meaningfully different” from the effect of another drug. This approach is useful
to answer questions like:

1. Is the effect of a generic drug equivalent to that of the branded
version?

2. Is the effect of a marketing campaign on consumption negligible?

3. Are the levels of social trust in two communities similar?

Null hypothesis and equivalence tests are extremely flexible tools. They can
be applied to model parameters, or to any of the quantities studied in this
book: predictions, counterfactual comparisons, and slopes. When you are done
reading Part II of this book, you will not only be able to compute these

I'Wald-style null hypothesis tests are described in most statistical textbooks. Readers
who want to learn more about equivalence testing can refer to the book length treatment by
Wellek (2010) or to articles by Rainey (2014) and Lakens et al. (2018).
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quantities, but also to conduct a wide variety of meaningful statistical tests on
them.

But even if we appreciate that hypothesis and equivalence tests are powerful
tools, we must also recognize that they are fundamentally limited. In par-
ticular, when conducting such tests, the analyst must always keep in mind
the distinction between statistical and practical significance. We say that a
result is “statistically significant” if it would have been unlikely to occur by
pure chance (i.e., sampling variation) in a hypothetical world where the null
hypothesis and model hold true. We say that a result has “practical significance”
when it has important implications for the real world. Whether a result is
practically significant is not dictated by statistical considerations; it depends
on the field, the research question, and on theory. Many results are statistically
significant without having much practical significance. Often, the magnitude
of a treatment effect is distinguishable from zero, but it is too small to be of
use to practitioners. In those cases, data analysts will typically report small p
values for both the null hypothesis and the equivalence tests.

The rest of this chapter explores null hypothesis and equivalence tests, and
shows how to execute them with the marginaleffects package. The main
dataset that we use for illustration comes from Thornton (2008): The demand
for, and impact of, learning HIV status. For this article, the author conducted
a randomized controlled trial to find out if they could encourage people to seek
information about their HIV status. They administered HIV tests at home
to many people in rural Malawi. Then, they randomly assigned some study
participants to receive a small monetary incentive if they were willing to travel
to a counseling center, in order to learn the results of their test.

The outcome of interest is a binary variable, outcome, equal to 1 if a study
participant chose to travel to the center, and 0 otherwise. The treatment
is a binary variable, incentive, equal to 1 if the participant was part of
the treatment group who received an incentive, and 0 if they received no
money. The researchers also collected information about people’s distance
from the test center, and a numeric identifier for the village in which they
live. Finally, our dataset includes agecat, a measure of the participants’ age
in three categories: <18, 18 to 35, and >35.

We use the get_dataset () function from the marginaleffects package to
load the dataset in memory, the head () function to extract the first few rows,
and the tt() function from the tinytable package to display results in a
good-looking table.

library(marginaleffects)
library(tinytable)

dat = get_dataset("thornton")
tt(head(dat))
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Table 4.1: Six rows of the Thornton (2008) dataset.

village outcome distance amount incentive age hiv2004 agecat
43 1 0.5485229 0 0 14 0 <18
117 0 0.8402644 0 0 14 0 <18
2 0 3.3421636 0 0 15 0 <18
6 0 2.3228946 0 0 15 0 <18
11 0 1.3862627 0 0 15 0 <18
14 0 3.8656266 0 0 15 0 <18

When analyzing these data, Thornton (2008) found that 34% of participants in
the control group sought to learn their HIV status. In contrast, a small monetary
incentive more than doubled this proportion. Simply put, the intervention
proved to be highly successful and cost effective.

Over the next few chapters, we will use the marginaleffects package to
analyze various aspects of Thornton’s data. Here, we ask: Do minors, young
adults, and older adults have different propensities to seek information about
their HIV status?

To answer this question, let us consider a linear probability model with the
binary outcome as dependent variable and each level of the agecat variable
as predictors.

Outcome = 1 - Age_ 15 + B2 - Agegip35 + B3 - Agesss +¢€ (4.1)

We use the 1m() function to estimate this model by ordinary least squares,
adding -1 to the formula in order to suppress the usual intercept. We then
call coef () to extract the vector of coefficient estimates.

mod = lm(outcome ~ agecat - 1, data = dat)

coef (mod)
agecat<18 agecatl8 to 35 agecat>35
0.6718750 0.6787004 0.7277354

Because there is no other predictor in the model, and since we intentionally
dropped the intercept, the coefficients associated with agecat levels measure
the average outcome in each age category. Indeed, the estimated coefficients
printed above are exactly identical to subgroup means calculated using the
aggregate () function.

aggregate(outcome ~ agecat, FUN = mean, data = dat)
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agecat  outcome

1 <18 0.6718750
2 18 to 35 0.6787004
3 >35 0.7277354

At first glance, it looks like the probability that a young adult will seek
information about their HIV status is smaller than the probability for older
adults: 67.9% for participants between 18 and 35 years old, and 72.8% for
those above 35. In the next section, we conduct a formal statistical test of this
proposition.

4.1 Null hypothesis

The null hypothesis test is a statistical method used to determine if there
is sufficient evidence to reject a presumed statement about a population
parameter. The null hypothesis Hy represents a default or initial claim, usually
suggesting no effect or no difference in the parameter of interest. For example,
H, might state that the mean of a population is equal to a specific value, or
that there is no association between two variables.

To conduct a null hypothesis test, we begin by choosing a null hypothesis.
The choice of Hy is a substantive one, not a statistical one. It depends on
our domain and research question. After choosing Hjy, we must pick a test
statistic with known sampling distribution, such as t or Z. This sampling
distribution represents the distribution of test statistics that we would observe,
across samples, if the null hypothesis were true. We then use observed data to
compute the test statistic, and compare it to its assumed distribution under
Hy. If the test statistic is extreme, we conclude that if the null were true, we
would be very unlikely to observe the data that we did. If the test statistic is
extreme, we reject the null hypothesis.

Most statistics textbooks discuss the theory of null hypothesis testing.? This
section is more practical. It illustrates how to use marginaleffects to con-
duct linear or non-linear tests on model parameters or on functions of those
parameters. Throughout, we adopt the standard Wald approach and construct
Z test statistics of this form

z="0 70 (4.2)

2See for example Cameron and Trivedi (2005, Section 7.2), Aronow and Miller (2019,
Section 3.4), Hansen (2022a), Hansen (2022b), and Wasserman (2004).
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where 0 is a vector of parameter estimates; and h(f) is a function of those
estimates, a quantity of interest such as a prediction, counterfactual comparison,
or slope; Hy is the null hypothesis; and V[h()] is the estimated variance of
the quantity of interest.>

When |Z| is large, we can reject the null hypothesis that h(d) = Hy. The
intuition is straightforward. First, the numerator of Equation 4.2 measures the
distance between the estimated quantity of interest and the null hypothesis.
When that distance is large, the observed data is far from the data that
would be generated if the null were true. This makes Hj seem less plausible.
Second, the denominator quantifies the uncertainty in our estimate. When that
uncertainty is small, our estimate is precise, which puts us in a better position
to discriminate against the null hypothesis. In sum, when the numerator is
large and/or the denominator is small, the absolute value of Z is large, and
we can reject the null hypothesis.

Recall that when we estimated the model in Equation 4.1, we obtained these
results:

summary (mod)

Estimate Std. Error t value Pr(>|tl)
agecat<18 0.67188 0.02564 26.20 <0.001
agecat18 to 35 0.67870 0.01233 55.06 <0.001
agecat>35 0.72774 0.01336 54.48 <0.001

By default, the summary functions in R and Python report null hypothesis
tests against a very specific null hypothesis: that a coefficient is equal to zero.
Here, the first coefficient is 0.67188 and the standard errors 0.02564. The test
statistic is designed to check if we can reject the null hypothesis that the
coefficient for agecat<18 is equal to zero (Hp : 1 = 0):

_ pi—Hy 0.67188 -0

~ T 0.02564
V(6]

A

= 26.20 (4.3)

Equation 4.3 shows how to compute the test statistic reported by default by R.
Does this test make sense from a substantive perspective? Is it interesting? Do
we really need a formal test to reject the null hypothesis that 0% of people
below the age 18 are willing to retrieve their HIV test result from the clinic? If
the answer to any of those questions is “no,” we can easily construct alternative
test statistics with the marginaleffects package.

3As described in Chapter 14, the default strategy for null hypothesis tests in
marginaleffects is to compute standard errors using the delta method. That chapter
also explains how to use the bootstrap or simulations instead.

4By default, R reports ¢, which is equivalent to Z in large samples.
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4.1.1 Choice of null hypothesis

In our running example, a null hypothesis of zero hardly makes sense. Instead,
we should specify a different value of Hy, to compare our results against a
more meaningful benchmark. For example, we could ask: Can we reject the null
hypothesis that the probability of retrieving one’s HIV test result is different
from a coin flip?

To answer this question, we use the hypotheses () function and its hypothesis
argument.

hypotheses(mod, hypothesis = 0.5)

Term Estimate Std. Error 1z Pr(>|z]) 25% 97.5%
agecat<18 0.672 0.0256 6.7  <0.001 0.622 0.722
agecatl8 to 35 0.679 0.0123 14.5 <0.001 0.655 0.703
agecat>35 0.728 0.0134 17.0 <0.001 0.702  0.754

The results show that all three Z statistics are large in absolute terms. Therefore,
we can reject the null hypotheses that these coeflicients are equal to 0.5. If the
true chances of seeking information about HIV status were 50/50, we would
be very unlikely to observe data like these.

We would draw the same conclusion by computing Wald-style p values manually,
measuring the area under the tails of the test statistic’s distribution. In R, the
pnorm(x) function measures the area under the normal distribution to the
left of x. The two-tailed p value associated to the first coefficient can thus be
computed as

# First coefficient
b = coef (mod) [1]

# The standard error t¢s the square root of the diagonal element of the
# variance-covariance matrix
se = sqrt(diag(vcov(mod))) [1]

# The Z statistic for Wald test with null hypothesis of b = 0.5
z=(b - .5) / se

# The p-value ts the area under the curve, in the tails of
# the normal distribution beyond [Z/
pnorm(-abs(z)) * 2

agecat<18
2.043492e-11
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p is extremely small, which means that we can reject the null hypothesis of
H() : /81 =0.5.

4.1.2 Linear and non-linear hypothesis tests

In many contexts, analysts are not solely interested in testing against a simple
numeric null hypothesis like 0 or 0.5. Instead, they may wish to compare
different quantities to one another. For instance, we can ask if the coefficient
associated to the first age category is equal to the coefficient associated to the
third age category, Hy : 51 = 3.

To conduct this test, all we need to do is supply an equation-style string to
the hypothesis argument. The terms of this equation start with b, followed
by the position (or index) of the estimate. If we are interested in comparing
the first and third coefficients, the equation must include b1 and b3.

hypotheses(mod, hypothesis = "b3 - bl = 0")

Hypothesis Estimate Std. Error z Pr(>|z|) 25 % 97.5 %
b3-b1=0 0.0559 0.0289 1.93 0.0534 —0.000808 0.113

This is equivalent to computing the difference between the third and first
estimated coefficients.

0.7277354 — 0.671875 = 0.0558604

Can we reject the hypothesis that the probability of seeking one’s HIV result
is the same in the <18 and >35 groups? That depends on the threshold of
statistical significance that one is willing to accept. The p value shown in the
table above is very close to 0.05, a conventional threshold of statistical signifi-
cance. Whether it makes sense to use that threshold in any given application
depends on our tolerance to false positives. If mistakenly rejecting the null has
costly consequences, we should pick a more stringent threshold of statistical
significance. Otherwise, it may be fine to reject the null even if the p value is
not extremely small.

In the test above, we checked if the difference between the two coeflicients
is equal to 0. Rather than a difference, we could also test against the null
hypothesis that the ratio of 83 to 5y is equal to 1. If this ratio is greater than
one, we know that the probability of seeking one’s HIV result is higher in the
>35 group than in the <18 group. If the ratio is less than one, we know that
the probability of seeking one’s HIV result is lower in the >35 group than in
the <18 group.
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hypotheses(mod, hypothesis = "b3 / bl = 1")

Hypothesis  Estimate Std. Error z Pr(>z]) 25 % 97.5 %
b3/bl=1 0.0831 0.0459 1.81  0.0699 -0.00676  0.173

Once again, the results suggest that the estimated probability is higher in
the older group, but the p value does not quite cross conventional threshold
of statistical significance of 0.05. Therefore, a conservative analyst would not
reject the null hypothesis that these two probabilities are the same.

The equations supported by the hypothesis argument are not limited to
simple tests of equality, differences, or ratios. Indeed, the user can write
equations with more than two estimates or with various (potentially non-
linear) transformations.

"b2°2 * exp(bl)
"b1 - (b2 * b3)

hypotheses(mod, hypothesis

o")
hypotheses(mod, hypothesis 2")

marginaleffects also offers a formula-based interface which acts as a shortcut
to some of the more common hypothesis tests. For example, if we want to
compute the difference between every coefficient and the “reference” quantity
(i.e., the first estimate), we supply a formula with the word “reference” on the
right side of the tilde symbol (~) and the word “difference” on the left side.

hypotheses(mod, hypothesis = difference ~ reference)

Hypothesis Estimate Std. Error z Pr(>z]) 25% 97.5 %
(agecat18 to 35) — (agecat<18) 0.00683  0.0285 024 08104  -0.048936  0.0626
(agecat>35) — (agecat<18) 0.05586 0.0289 1.93  0.0534 -0.000808  0.1125

Now, let’s say we want to compare each coefficient to the one that immediately
precedes it: the young adults to the minors, and the older adults to the young
adults. Further suppose we want to compute ratio of coefficients, instead of
differences. We can achieve this by setting ratio on the left-hand side, and
sequential on the right-hand side of the formula.

hypotheses(mod, hypothesis = ratio ~ sequential)

Hypothesis Estimate = Std. Error z Pr(>z|]) 25% 975 %
(agecat18 to 35) / (agecat<18) 1.01 0.0427 0.238 0.81193  0.926  1.09
(agecat>35) / (agecatls to 35) 1.07 0.0277 2.609 0.00907 1.018 1.13
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4.1.3 Multiple comparisons and joint hypothesis tests

The goal of null hypothesis testing is to assess if observed data provide enough
evidence to reject a null hypothesis. When conducting a single hypothesis test,
the probability of Type I error—falsely rejecting the null hypothesis when it
is true—is controlled at a predefined significance level, usually 5%. However,
when multiple hypothesis tests are performed, the likelihood of at least one
Type I error increases with the number of tests. This phenomenon is known as
the multiple comparisons problem.

Statisticians have proposed many procedures to adjust hypothesis tests for
multiple comparisons, including the Bonferroni, Holm, and Westfall corrections.
The hypotheses () function in the marginaleffects package can apply many
such strategies, and report corrected p values as well as family-wise confidence
intervals. All we need to do is use the multcomp argument.

hypotheses(mod, multcomp = "holm")

Term Estimate Std. Error z Pr(>lz]) 25% 975 %
agecat<18 0.672 0.0256 26.2  <0.001 0.611  0.733
agecatl8 to 35 0.679 0.0123 55.1 <0.001 0.649  0.708
agecat>35 0.728 0.0134 54.5 <0.001 0.696 0.760

The hypotheses () function also supports joint hypothesis tests, via the joint
and joint_test arguments. This allows users to test against the null hypothesis
that several quantities of interest are jointly /simultaneously equal to zero. The
marginaleffects.com website includes documentation and examples on how to
conduct such tests.

4.2 Equivalence

In many contexts, analysts are less interested in rejecting a null hypothesis,
and more interested in testing whether an estimate is “equivalent” to some
benchmark or interval. For example, medical researchers may wish to determine
if the effect of a new drug is similar to that of existing treatments, or if it can
be considered “negligible” in terms of “clinical significance.” To answer such
questions, we can use an equivalence test like the two one-sided test or TOST
(Wellek, 2010; Rainey, 2014; Lakens et al., 2018).

An equivalence test is a statistical method used to determine if an estimate is
“practically equivalent” to a benchmark, within a specified margin of equivalence.
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Whereas traditional significance tests attempt to reject a specific (point) null
hypothesis, an equivalence test attempts to reject the null hypothesis that the
estimand lies outside an interval of practical equivalence. If we can reject that
null hypothesis, we conclude that the quantity of interest is likely to be small
or close to the benchmark.

To see how this may work in practice, imagine that taking a well-established
course of medication reduces the probability of suffering from a cardiovascular
arrest by 9 percentage points. A pharmaceutical company introduces a new
medication which, they claim, further reduces the chances of an adverse event.
The Québec provincial government must decide if they will refund this more
expensive drug. To inform decision-making, government defines an interval of
equivalence: if the estimated effect of the new treatment is between 8 and 10
percentage points, both drugs shall be considered “equivalent.” The definition
of this equivalence interval is not a statistical problem. It is a substantive
question that depends on the field, research question, costs, theory, etc.

Figure 4.1 illustrates this situation. The horizontal line represents possible
values of the parameter of interest. If the effect of the new drug (0) falls
between 8 and 10 percentage points, it is considered equivalent to the effect of
the old drug. In this context, the alternative hypothesis is Hy : 6 € [8,10]. The
null hypothesis is Hy : 6 < 8V 6 > 10.

We conclude for equivalence when we can reject the null hypothesis that the
quantity of interest is far from the benchmark, that is, when we reject the Hy
hypothesis that 0 falls in the white areas of Figure 4.1. In other words, if the
equivalence test is conclusive, we know that it would be surprising if the effect
of the new drug were much different from the effect of the old drug.

Hy H, Hy

8 10

Figure 4.1: In an equivalence test, the null hypothesis Hy that we attempt to
reject is that the quantity of interest lies outside an interval defined by the
analyst.

To conduct a TOST of equivalence, we proceed in six steps.

1. Quantity of interest: Define and estimate a quantity of interest
0, which can be a coefficient, function of coefficients, prediction,
counterfactual comparison, slope, etc.

2. Significance threshold: Choose a statistical significance threshold «
below which we will reject the null hypothesis.®

5Conventional thresholds include 0.05, 0.01, and 0.001, but these values are arbitrary.
The choice should be made based on one’s tolerance for false positives in the specific context
of the study.



FEquivalence 49

3. Interval: Use subject matter knowledge to define an interval of
equivalence [a, b]. If the quantity of interest 6 falls between a and
b, it is considered clinically irrelevant or practically equivalent to a
benchmark.

4. Non-inferiority: Compute the p value associated with a one-tailed
null hypothesis test to determine if we can reject the null hypothesis
that 0 < a.

5. Non-superiority: Compute the p value associated with a one-tailed
null hypothesis test to determine if we can reject the null hypothesis
that 0 > b.

6. Fquivalence: Check if the maximum of the non-inferiority and non-
superiority p values is lower than the chosen threshold of statistical
significance.

To illustrate, let’s revisit the model we fitted above and compare the probability
that people in the 18-to-35 and > 35 age brackets will travel to learn their
HIV status.

coef (mod)
agecat<18 agecatl8 to 35 agecat>35
0.6718750 0.6787004 0.7277354

hypotheses(mod, hypothesis = "b3 - b2 = 0")

Hypothesis Estimate Std. Error z Pr(>z]) 25% 975 %
b3-b2=0 0.049 0.0182 2.7 0.00698  0.0134 0.0847

The results above show that the estimated difference in coefficients for the two
groups is equal to 0.0490, and that this difference is statistically significant
(i.e., likely different from zero). This difference may be statistically significant,
but is it meaningful, clinically relevant, or practically important?

The first step to answer this question is to define exactly what we mean
by “meaningful” or “important.” Specifically, we must define an interval of
equivalence, in which estimates are considered unimportant. There is no purely
statistical criterion to construct this interval; the decision depends entirely on
domain expertise and subject matter knowledge.

In our running example, the researcher could decide that if the difference in
Pr(outcome = 1) between the young and older adults is between —5 and 5
percentage points, we can ignore it. If the difference falls in the [—0.05,0.05]
interval, it is practically equivalent to zero.

To conduct a TOST on this equivalence range, we simply add the equivalence
argument to the previous call.
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hypotheses (mod,
hypothesis = "b3 - b2 = 0",
equivalence = c(-0.05, 0.05))

Hypothesis  Estimate Std. Error p (NonInf) p (NonSup) p (Equiv)
b3-b2=0 0.049 0.0182 <0.001 0.479 0.479

These results allow us to reach three main conclusions:

1. Non-inferiority: The p value associated to this test is very small
(p < 0.001). We can reject the null hypothesis that the difference
between coefficients is lower than —0.05.

2. Non-superiority: The p value associated to this test is large (0.479).
We cannot reject the null hypothesis that the difference between
coefficients is larger than 0.05.

3. Fquivalence: The p value associated to the TOST of equivalence cor-
responds to the maximum of the non-superiority and non-superiority
values: 0.479. Again, we cannot reject the null hypothesis that the
two coefficients are meaningfully different from one another. We can-
not reject the null hypothesis that §3 — G2 < —0.05V B3 — By > 0.05.

In this example, we applied a TOST to a difference between two coefficients,
but the same procedure can be applied to other quantities of interest, such
as predictions, counterfactual comparisons, and slopes. The bounds of the
equivalence interval can also be set wherever the analyst prefers. Often, the
equivalence interval will be centered around zero, but it can be set elsewhere.

4.3 Summary

This chapter introduced two classes of statistical testing procedures: null
hypothesis and equivalence tests.

A null hypothesis test allows us to determine if there is enough evidence to
reject the hypothesis that a parameter (or function of parameters) is equal to
a given value.

Examples of statements that could be rejected by a null hypothesis test include:

e  The predicted wages of college and high school graduates are equal.

e The effect of a new drug on a health outcome is zero.

e A marketing campaign has the same effect on sales in rural or urban
areas.
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When a null hypothesis test indicates that we can reject statements like these
(small p value), we establish a difference.

An equivalence test allows us to determine if there is enough evidence to reject
the hypothesis that a parameter (or function of parameters) is meaningfully
different from a benchmark.

Examples of statements that could be rejected by an equivalence test include:

e  The difference in wages between college and high school graduates
is considerable.

e The effect of a new drug on a health outcome is meaningfully different
from the effect of an existing treatment.

e The effect of a marketing campaign on consumption is much larger
than zero.

When an equivalence test indicates that we can reject statements like these
(small p value), we establish a similarity.

All the main marginaleffects functions include hypothesis and
equivalence arguments. These arguments make it easy to conduct
null hypothesis and equivalence tests on any of the quantities estimated by
the package—predictions, counterfactual comparisons, and slopes—as well as
on arbitrary functions of those quantities.



5

Predictions

The parameter estimates obtained by fitting a statistical model are rarely the
main object of interest in a data analysis. Instead of focusing on those raw
estimates, a good starting point is often to compute model-based predictions
for different combinations of predictor values. This allows an analyst to report
results on a scale that makes intuitive sense to their readers, colleagues, and
stakeholders.

What is a model-based prediction? In this book, we consider that

A prediction is the outcome expected by a fitted model for a given combina-
tion of predictor values.

This definition is in line with the familiar concept of “fitted value,” but it differs
from a “forecast” or “out-of-sample prediction” (Hyndman and Athanasopoulos,
2018). For our purposes, the word “prediction” need not imply that we hope
to forecast the future, or that we are trying to extrapolate to unseen data. It
simply denotes the best guess of a fitted model for specific predictor values.

Model-based predictions are often the main quantity of interest in a data
analysis. They allow us to answer a wide variety of questions, such as:

e What is the expected probability that a 50-year-old smoker develops
heart disease, adjusting for diet, exercise, and family history?

e  What is the expected probability that a football team wins a game,
considering the team’s recent performance, injuries, and opponent
strength?

¢ What is the expected turnout in municipal elections, accounting for
national trends and local demographic characteristics?

e« What is the expected price of a three-bedroom house in a suburban
area, controlling for floor area and market conditions?

All of these descriptive questions can be answered using model-based predic-
tions. Predictions are an intrinsically interesting quantity. In Chapters 6 and
7, we will see that they are also a fundamental building block to analyze the
effects of interventions, or the association between variables.

The current chapter illustrates how to compute and report predictions for
models estimated with the Thornton (2008) data. We proceed in order, through
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each component of the conceptual framework laid out in Chapter 3: (1) quantity,
(2) predictors, (3) aggregation, (4) uncertainty, and (5) tests. The chapter
concludes by showing different ways to visualize predictions.

5.1 Quantity

To begin, it is useful to see how predictions are built in one particular case.
Consider a logistic regression model estimated using the Thornton (2008) HIV
dataset.

Pr(O=1)=g(B1+Po- 1+ p3- A1g_35 + 1 - As3s), (5.1)

where O is a binary variable equal to 1 if the study participant traveled to
the test center to learn the outcome of their HIV test; I is a binary variable
equal to 1 if the participant received a monetary incentive; and the other two
predictors are indicators for the age category to which a participant belongs,
with omitted category Ais.

The letter g represents the standard logistic function g(x) = H% Applying
this function ensures that the linear component inside the parentheses of
Equation 5.1 gets rescaled to the [0, 1] interval in order to respect the natural
(probability) scale of the binary outcome.

Now, we load the marginaleffects package, read the Thornton data, and
estimate a logistic regression model using the glm() function.

library(marginaleffects)
dat = get_dataset("thornton")
mod = glm(outcome ~ incentive + agecat, data = dat, family = binomial)

The estimated coefficients are:

b = coef (mod)
b

(Intercept) incentive agecat18 to 35 agecat>35
-0.78232923 1.99229719 0.04368393 0.24780479

For clarity of presentation, we substitute these estimates into the model
equation.

Pr(O=1)=g(—0.782+1.992 - T 4 0.044 - Ajg_35 + 0.248 - A~35)  (5.2)
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To make a prediction for a particular individual, we simply plug-in the charac-
teristics of that person into Equation 5.2. For example, the predicted probability
that outcome equals 1 for an 18 to 35-year-old in the treatment group is

Pr(O=1)=g(—0.782+1.992 -1+ 0.044 - 1 + 0.248 - 0)

The predicted probability that Outcome equals 1 for someone above 35 years-old
in the control group is

Pr(O=1)=g(—0.782+1.992 - 0+ 0.044 - 0+ 0.248 - 1)

These expressions can be evaluated in two steps. First, we compute the linear—
or link scale—component by evaluating the expression inside the parentheses.

linpred_treatment_younger = b[1] + b[2] * 1 + b[3] * 1 + b[4] * 0
linpred_treatment_younger

[1] 1.253652

linpred_control_older = b[1] + b[2] * 0 + b[3] * 0 + b[4] * 1
linpred_control_older

[1] -0.5345244

Link scale predictions from a logit model are expressed on the log odds scale.
In this example, they include a negative value and a value greater than one.
To many, this will feel incongruous, because the outcome is a binary variable,
with a probability bounded by 0 and 1.

The second step of the computation is thus to apply the logistic function g, to
ensure that predictions respect the natural scale of the data.’

g=\x 1/ (1 + exp(-x))
g(linpred_treatment_younger)

(1] 0.7779314
g(linpred_control_older)

[1] 0.3694623

nstead of defining our own g() function, we could use the built-in plogis() function in
R, or scipy.stats.logistic.cdf() in Python.
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Our model expects that the probability of seeking information about one’s
HIV status is 78% for a young adult who receives a monetary incentive, and
37% for an older participant who does not receive an incentive.

Computing predictions manually is useful for pedagogical purposes, but it
is labor-intensive and error-prone. The commands above are also limiting,
because they only apply to one very specific model.

Instead of manual computation, we can use the predictions() function from
the marginaleffects package. This function can be applied in consistent
fashion across more than 100 different classes of statistical models.

First, we build a data frame of predictor values—a grid—where each row
represents a different individual.

grid = data.frame(agecat = c("18 to 35", ">35"), incentive = c(1, 0))
grid

agecat incentive
1 18 to 35 1
2 >35 0

Then, we call the predictions() function, using the newdata argument to
specify the predictor values, and the type argument to set the scale (link or
response):

predictions(mod, newdata = grid, type = "link")

Estimate Std. Error z Pr(>lz]) 25% 976 %
1.254 0.0691 18.15 <0.001 1.118 1.389
—0.535 0.1013 —5.28 <0.001 —-0.733 —0.336

These results are exactly identical to the link scale predictions that we computed
manually above. This is reassuring but, in a logit model, link scale predictions
are hard to interpret.

To communicate our results clearly, it is usually best to make predictions on
the same scale as the outcome variable. Doing this makes our estimates easier
to interpret, since they can be compared directly to observed values of the
outcome variable. For this reason, the default behavior of predictions() is
to return predictions on the response scale.

predictions(mod, newdata = grid)
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Estimate Pr(>z]) 25% 97.5%
0.778 <0.001 0.754  0.800
0.369 <0.001 0.325 0.417

In the rest of this chapter, we show that the marginaleffects package makes it
easy to compute various types of predictions, aggregate, and conduct statistical
tests on them.

5.2 Predictors

Predictions are conditional quantities, in the sense that they typically depend
on the values of all the predictor variables in a model. To compute a prediction,
the analyst must fix all the variables on the right-hand side of the model
equation, that is, they must choose a grid.

The choice of grid depends on the researcher’s goals. The profiles it holds could
correspond to actual observations in the original data, or they could represent
unseen, hypothetical, or representative units. To illustrate, let’s consider a
slight modification of the model estimated in Section 5.1. In addition to the
incentive and agecat predictors, we now include a numeric predictor to
account for the distance between a study participant’s home and the test
center where they can learn their HIV status.

mod = glm(outcome ~ incentive + agecat + distance,
data = dat, family = binomial)

With this model, we can make predictions on various grids: empirical, interest-
ing, representative, balanced, or counterfactual.?

5.2.1 Empirical grid

By default, the predictions() function uses the full original dataset as a
grid, that is, it uses the empirical distribution of predictors.® This means that
predictions() will compute fitted values for each one of the rows in the
dataset used to fit the model.

p = predictions(mod)
p

2Section 3.2
3Section 3.2.1



Predictors 57

Estimate Pr(>z]) 25% 975 %
0.365  <0.001 0.297  0.439
0.354 <0.001 0.288  0.426
0.265  <0.001 0.209  0.330
0.300 <0.001 0.241  0.365
0.334  <0.001 0.271  0.402

2815 rows omitted
0.833  <0.001 0.809  0.855
0.840  <0.001 0.815  0.862
0.833 <0.001 0.809 0.855
0.827  <0.001 0.803  0.849
0.789 <0.001 0.761 0.814

The p object created by predictions() includes the fitted values for each
observation in the dataset, along with test statistics like p values and confidence
intervals. p is a standard data frame, which means that we can manipulate it
using the usual R or Python commands.

For example, we can check that the data frame includes 2825 and 11 columns:
dim(p)

[1] 2825 11

We can list the available column names:

colnames(p)

[1] "rowid" "estimate" "p.value" "s.value" "conf.low" ‘"conf.high"
[7] "af" "outcome" "incentive" "agecat" "distance"

And we can extract individual columns and cells using the standard $ or []
syntaxes, or using data manipulation packages like dplyr or data.table:

pll:4, "estimate"]

[1] 0.3652679 0.3540617 0.2653133 0.2997423

Users should be mindful of the fact that, by default, the p values held in this
data frame correspond to a hypothesis test against a null of zero. In Section 5.5,
we will see that it is easy to change this default null using the hypothesis
argument.
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5.2.2 Interesting grid

In many cases, analysts are not interested in model-based predictions for
each observation in their sample. Instead, they may prefer to build a grid of
predictor values that hold particular scientific or commercial interest.*

In marginaleffects, the main strategy to define custom grids is to use the
newdata argument and the datagrid() function. This function creates a
“typical” dataset with all variables held at their means or modes, except for
those we explicitly define.

datagrid(agecat = "18 to 35", incentive = c(0, 1), model = mod)

distance agecat incentive rowid
1 2.014541 18 to 35 0 1
2 2.014541 18 to 35 1 2

We can feed this datagrid() function to the newdata argument of
predictions().?

predictions(mod,
newdata = datagrid(agecat = "18 to 35", incentive = c(0, 1))

)

agecat incentive Estimate Pr(>[z]) 25 % 975 %
18to 35 0 0.318 <0.001 0.279  0.361
18to 35 1 0.780 <0.001 0.755  0.802

This shows that the estimated probability of seeking one’s HIV status is about
32% for a participant who is between 18 and 35 years old, did not receive a
monetary incentive, and lives the average distance from the center.

One useful feature is that we can pass functions to datagrid (). These functions
will be applied to the named variables, and the output used to construct the
grid.

predictions(mod,
newdata = datagrid(distance = 2, agecat = unique, incentive = max)

)

4Section 3.2.2
5When datagrid() is called as an argument to a marginaleffects function, we can omit
the model argument.
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distance agecat incentive Estimate Pr(>[z]) 25 % 975 %

2 <18 1 0.774 <0.001 0.725  0.816
2 18to 35 1 0.780 <0.001 0.756  0.802
2 >35 1 0.815 <0.001 0.791  0.837

5.2.3 Representative grid

Sometimes, analysts do not want fine-grained control over the values of each
predictor, but would rather compute predictions for some representative indi-
vidual.® For example, we can compute a “Prediction at the Mean,” that is, a
prediction for a hypothetical representative individual whose personal charac-
teristics are exactly average on numeric variables, and modal on categorical
variables.

To achieve this, we can either call the datagrid() function without specifying
the value of any variable, or we can use the "mean" shortcut.

p = predictions(mod, newdata = '"mean")
P

Estimate Pr(>z]) 25% 975 %
0.78 <0.001 0.755  0.802

Our model expects that an individual with average or modal characteristics
has a 78% probability of traveling to the test center to learn their HIV status.

Representative grids can be useful in some contexts, but they are not always
the best choice. Sometimes there is simply no one in our sample who is exactly
average on all relevant dimensions. When this average individual is fictional,
the associated prediction may not be scientifically interesting or practically
relevant.

5.2.4 Balanced grid

A common strategy in the analysis of experiments is to compute estimates on
a “balanced grid.”” This type of grid includes one row for each combination
of unique values for the categorical (or binary) predictors, holding numeric
variables at their means. To achieve this, we can either call datagrid() or use
the "balanced" shortcut. These two calls are equivalent:

6Section 3.2.3
"Section 3.2.4
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predictions(mod, newdata = datagrid(
agecat = unique, incentive = unique, distance = mean

))

predictions(mod, newdata = "balanced")

agecat incentive distance Estimate Pr(>|z]) 25 % 975 %

<18 0 2.01 0.311 <0.001 0.251 0.377
<18 1 2.01 0.773 <0.001 0.724  0.816
18to 35 0 2.01 0.318 <0.001 0.279  0.361
18to 35 1 2.01 0.780 <0.001 0.755  0.802
>35 0 2.01 0.367 <0.001 0.322  0.415
>35 1 2.01 0.815 <0.001 0.791 0.837

A balanced grid is often used with randomized experiments when the analyst
wishes to give equal weight to each combination of treatment conditions in the
calculation of marginal means.®

5.2.5 Counterfactual grid

Yet another set of predictor profiles to consider is the “counterfactual grid.”
The predictions made on such a grid allow us to answer questions such as:

What would the predicted outcomes be in our observed sample if everyone
had received the treatment, or if everyone had received the control?

To create a counterfactual grid, we duplicate the full dataset, once for every
value of the focal variable. For instance, if our dataset includes 2825 rows and
we want to compute predictions for each value of the incentive variable (0
and 1), the counterfactual grid will include 5650 rows.

To make predictions on a counterfactual grid, we can call the datagrid()
function with its grid_type="counterfactual" argument. Alternatively, we
can use the variables argument to specify counterfactual values for the focal
variable.

p = predictions(mod, variables = list(incentive = 0:1))
dim(p)

[1] 5650 12

8Section 5.3
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These predictions are interesting, because they give us a first look at the kinds
of counterfactual (potentially causal) queries that we will explore in Chapter 6.
We can ask:

For each individual in the Thornton (2008) sample, what is the predicted

probability of seeking information about HIV status in the counterfactual
worlds where they receive a monetary incentive, and where they do not?

To answer this question, we rearrange the data and plot it.
library(ggplot2)

p = data.frame(
Control = p[p$incentive == 0, "estimate"],
Treatment = p[p$incentive == 1, "estimate"])

gegplot(p, aes(Control, Treatment)) +
geom_abline(intercept = 0, slope = 1, linetype = "dashed") +
geom_point() +

labs(x = "Pr(outcome=1) when incentive = 0",
y = "Pr(outcome=1) when incentive = 1") +
x1im(0, 1) + ylim(O, 1) + coord_equal()
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Figure 5.1: Predicted probabilities for counterfactual values of incentive.

On this graph, each point represents a single study participant.® The x-
axis shows the predicted probability that Outcome equals 1 for an observed
individual, after we artificially fix the incentive variable to 0. The y-axis shows
the predicted probability that Outcome equals 1 for an individual with the
same socio-demographic characteristics, after we artificially fix the incentive

9Since the points are tightly clustered, they appear as a curve at low resolution.
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variable to 1. Each point thus shows what would be expected to happen if
each individual did or did not receive the treatment.

Every point is well above the 45-degree line. This means that, for every observed
combination of predictor values, for every participant in the study, our model
says that changing the incentive variable from 0 to 1 increases the predicted
probability that the person will seek to learn their HIV status.

5.3 Aggregation

Computing predictions for a large grid or for every observation in a dataset
is useful, but the results can feel unwieldy. This section makes two principal
arguments. First, it often makes sense to compute aggregated statistics, such
as the average predicted outcome across the whole dataset, or by subgroups of
the data. Second, the grid across which we aggregate can make a big difference
to the results.

An “average prediction” is the outcome of a two step process. First, we compute
predictions (fitted values) for each row in the original dataset. Then, we take
the average of those predictions. This can be done manually by calling the
predictions() function and taking the mean of estimates.

p = predictions(mod)
mean (p$estimate)

[1] 0.6916814

Alternatively, we can use the avg_predictions() function, which is a wrapper
around predictions() that computes the average prediction directly.

avg_predictions (mod)

Estimate Std. Error z Pr(>|z]) 25% 975 %
0.692 0.00791 87.5 <0.001 0.676  0.707

The average predicted probability of seeking information about one’s HIV
status, across all the study participants in the Thornton (2008) sample, is
about 69%.

Now, imagine that we want to know if the average predicted probability of
outcome=1 differs across age categories. To check this, we make the same
function call, but add the by argument.
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avg_predictions(mod, by = "agecat")

agecat Estimate Std. Error z Pr(>|z]) 25% 975 %

<18 0.670 0.0240 279 <0.001 0.623 0.717
18 to 35 0.673 0.0116 58.1 <0.001 0.650  0.695
>35 0.720 0.0121 59.5 <0.001 0.697 0.744

The average predicted probability of seeking one’s test result is about 67% for
minors and 72% for those above 35 years old. In Section 5.5 we will formally
test if the difference between those two average predictions is statistically
significant.

So far, we have taken averages over the empirical distribution of covariates,
but analysts are not limited to that grid. One common alternative is to
compute “marginal means” by averaging predictions across a balanced grid of
predictors.'? This is useful in experimental settings, when the observed sample
is not representative of the population, and when we want to marginalize while
giving equal weight to each treatment condition.

To compute marginal means, we call the same function, using the newdata
and by arguments.

avg_predictions(mod, newdata = "balanced", by = "agecat")

agecat Estimate Std. Error z Pr(>lz]) 25% 975 %

<18 0.542 0.0261 20.7 <0.001 0.491 0.593
18 to 35  0.549 0.0135 40.6 <0.001 0.522  0.575
>35 0.591 0.0151 39.0 <0.001 0.561 0.621

Notice that the results are very different from the average predictions computed
on the empirical grid. Now, the average predicted probability of seeking one’s
test result is estimated at 54% for minors and 59% for those above 35 years
old.

The reason for this drastic change is that a balanced grid gives equal weight to
each combination of categorical variables, while an empirical grid gives more
weight to predictor values that are more frequent in the observed data. It turns
out that, in the Thornton (2008) dataset, more participants belonged to the
treatment than to the control group.

10T his is the default approach taken by software packages like emmeans (Lenth, 2024).
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table(dat$incentive)

0 1
621 2204

Therefore, when we compute an average prediction on the empirical distribution,
predicted outcomes in the incentive=1 group are given more weight. This
matters, because the average predicted probability that Outcome equals 1 is
much higher in the treatment group than in the control group:

avg_predictions(mod, by = "incentive")

incentive  Estimate Std. Error z Pr(>|z]) 25% 975 %
0 0.340 0.01890 18.0 <0.001 0.303  0.377
1 0.791 0.00862 91.7 <0.001 0.774 0.808

Thus, the group-wise averages for each age categories are smaller when com-
puted over a balanced grid than when they are computed over the empirical
distribution.

The last example of aggregation that we consider is done across a “counterfac-
tual grid.”' To build such a grid, every observation of the dataset is duplicated,
and the incentive variable is fixed to different values in each counterfactual
dataset. We can achieve this with the variables argument.

avg_predictions(

mod,
variables = list(incentive = c(0, 1)),
by = "incentive")

incentive Estimate Std. Error z Pr(>|z]) 25% 975 %
0 0.339 0.01888 18.0 <0.001 0.302  0.376
1 0.791 0.00862 91.8 <0.001 0.774 0.808

This is equivalent to making unit-level predictions on two counterfactual grid,
and then averaging those predictions manually.

pO = predictions(mod, newdata = transform(dat, incentive = 0))
mean (pO$estimate)

[1] 0.3394248

HSection 3.2.5
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pl = predictions(mod, newdata = transform(dat, incentive = 1))
mean(pil$estimate)

[1] 0.7913343

5.4 Uncertainty

The predictions() family of functions accepts two arguments to control
how to express the uncertainty around our estimates. First, the conf_level
argument controls the size the confidence interval (default: 95%). Second, the
vecov argument allows us to specify the type of standard errors to compute
and report.

By default, marginaleffects functions return “classical” standard errors.
These standard errors are computed using a procedure which assumes that
errors are independently and identically distributed, and that rules out au-
tocorrelation, clustering, or heteroskedasticity. Section 14.1.3 discusses these
problems, and the solutions that statisticians have devised. For now, it suffices
to point out that the vcov argument can be used to control the type of stan-
dard errors returned by the predictions() family of functions. For instance,
setting vcov="HC3" will return heteroskedasticity-consistent standard errors.

avg_predictions(mod,
by = "incentive",
vcov = "HC3",
conf_level = .9)

incentive Estimate Std. Error z Pr(>|z]) 50% 95.0%
0 0.340 0.01892 18.0 <0.001 0.309 0.371
1 0.791 0.00864 91.5 <0.001 0.777  0.805

In the Thornton dataset, we know that participants were recruited from
different villages, and our dataset includes a village variable that records the
place of origin of each participant. If the sampling or treatment assignment
mechanism is related to these groups, it may be appropriate to report clustered
standard errors (Abadie et al., 2022). To do this, we use the vcov argument
and specify the clustering unit on the right-hand side of the ~ sign in a formula.
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avg_predictions(mod,
by = "incentive",
vcov = ~ village,
conf_level = .9)

incentive Estimate Std. Error z Pr(>lz]) 50% 95.0%
0 0.340 0.0235 14.5 <0.001 0.301  0.378
1 0.791 0.0102 77.6 <0.001 0.774 0.808

The last class of uncertainty estimates that we consider here relies on re-
sampling or simulation: bootstrap, simulation-based inference, or conformal
inference. Chapter 14 devotes substantial space to explaining each of these
approaches, but it is useful to note that these strategies are implemented using
the inferences() function. To compute bootstrap confidence intervals, we
can thus use the following command.

avg_predictions(mod,
by = "incentive",
conf_level = .9) |[>
inferences(method = "boot", R = 1000)

incentive Estimate 5.0 % 95.0 %
0 0.340 0.308 0.370
1 0.791 0.777  0.805

Notice that the intervals reported above are all slightly different, but still
remain in the same ballpark.

5.5 Test

In the previous sections, we computed average predictions by age subgroups,
and noted that there appeared to be differences in the likelihood that younger
and older people would seek their HIV test results. That observation was based
solely on the point estimates of the average predictions, and did not rely on a
statistical test. Now, we consider how analysts can compare predictions more
formally.
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5.5.1 Null hypothesis tests

To begin, we compute the average predicted outcome for each age subgroup.

p = avg_predictions(mod, by = "agecat")
p

agecat  Estimate Std. Error z Pr(>lz]) 25% 975%

<18 0.670 0.0240 27.9 <0.001 0.623 0.717
18 to 35 0.673 0.0116 58.1 <0.001 0.650  0.695
>35 0.720 0.0121 99.5 <0.001 0.697 0.744

The average predicted outcome is 67% for young adults and 72% for participants
above 35 years old. The difference between these two averages is

pdestimate[3] - p$estimate[2]

[1] 0.04782993

To see if this risk difference is statistically significant, we use the hypothesis
argument, as we did in Chapter 4.

p = avg_predictions(mod, by "agecat",
hypothesis = "b3 - b2 = Q'

p

")

Hypothesis Estimate Std. Error z Pr(>|z]) 25% 975 %
b3-b2=0 0.0478 0.0167 2.86 0.00428 0.015 0.0806

The estimated difference between the 3rd and 2nd groups is about 5 percentage
points, and the p value associated with this difference is 0.004. This crosses
the conventional (but arbitrary) statistical significance threshold of p = 0.05.
Many analysts would thus reject the null hypothesis that the average predicted
probability of seeking one’s HIV test results is the same in the 18 to 35 and
>35 groups.

In many cases, we would like to make more than one comparison at a time. For
instance, imagine an experiment with three groups: placebo, low dose, high
dose. In that kind of study, we may want to compare each treatment group
to the baseline or “reference” placebo group. Alternatively, we may want to
do “sequential” comparisons, comparing each group to the one that directly
precedes it. This can be helpful when there is a clear logical order between
categories, and when we are interested in the progression across groups.
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In marginaleffects, this can be done easily by supplying a formula to the
hypothesis argument. On the left-hand side, we set the comparison function:
difference, ratio, etc. On the right-hand side, we specify which estimates to
compare to one another: sequential, reference, etc.

avg_predictions(mod,
by = "agecat",
hypothesis = difference ~ sequential)

Hypothesis Estimate Std. Error 1z Pr(>lz|) 25% 975 %
(18 to 35) — (<18)  0.00274 0.0267 0.103 0.91810 -0.0495 0.0550
(>35) - (18 to 35) 0.04783 0.0167 2.856 0.00428  0.0150  0.0806

By modifying the formula, we can compare each group to the “reference” or
baseline category, that is, participants under 18 years old.

avg_predictions(mod,
by = "agecat",
hypothesis = difference ~ reference)

Hypothesis Estimate Std. Error 2z Pr(>z]) 25 % 97.5 %
(18 to 35) - (<18) 0.00274 0.0267 0.103 0.9181 —0.04952  0.055
(>35) - (<18) 0.05057 0.0269 1.880  0.0601 —0.00215 0.103

The hypothesis argument also allows us to conduct hypothesis tests by
subgroups. For example, consider this command, which computes average
predicted outcomes for each observed combination of incentive and agecat.

avg_predictions(mod,

by = c("incentive", "agecat"))
incentive agecat Estimate Std. Error z Pr(>)z|) 25% 975 %
<18 0.312 0.0321 9.72  <0.001 0.249  0.375

0

0 18 to 35 0.324 0.0209 15.46 <0.001 0.283  0.365
0 >35 0.370 0.0235 15.74 <0.001 0.324 0.416
1 <18 0.771 0.0234 32.99 <0.001 0.725 0.816
1 18 to 35 0.778 0.0119 65.43 <0.001 0.755  0.801
1 >35 0.811 0.0117 69.04 <0.001 0.788  0.834
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We can use the hypothesis argument in similar fashion as before, but add
a vertical bar to specify that we want to compute sequential risk differences
within subgroups.

avg_predictions(mod,
by = c("incentive", "agecat"),
hypothesis = difference ~ sequential | incentive)

incentive  Hypothesis Estimate Std. Error z Pr(>[z]) 25 % 97.5 %
0 (18 to 35) - (<18) 0.01111 0.0311 0.357 0.7213 -0.04994  0.0722
0 (>35) - (18 to 35)  0.04605 0.0216 2.131  0.0331 0.00369  0.0884
1 (18 to 35) - (<18)  0.00717 0.0254 0.283  0.7775 -0.04258  0.0569
1 (>35) - (18 to 35)  0.03330 0.0154 2.156  0.0311 0.00302  0.0636

This shows that, in the control group (incentive=0), the difference between
the average predicted outcome for participants over 35 and for those be-
tween 18 and 35 is about 5 percentage points. However, in the treatment
group (incentive=1), this difference is about 3 percentage points. Both of
these differences are associated with relatively large Z statistics, and are thus
statistically distinguishable from zero.

5.5.2 Equivalence tests

Flipping the logic around, the analyst could run an equivalence test to determine
if the difference between average predicted outcomes in two subgroups is small
enough to be considered negligible.!? Imagine that, for domain-specific reasons,
a risk difference smaller than 10 percentage points is considered “uninteresting,”
“negligible,” or “equivalent to zero.”

We start with this code, which computes the average predicted outcome for
each age category.

avg_predictions(mod, by = "agecat")

agecat Estimate Std. Error z Pr(>|z]) 25% 975 %

<18 0.670 0.0240 279 <0.001 0.623 0.717
18 to 35 0.673 0.0116 58.1 <0.001 0.650  0.695
>35 0.720 0.0121 59.5 <0.001 0.697 0.744

Then, we conduct a hypothesis test to compare the average predicted outcome
for participants over 35 and for those under 18.

128ection 4.2
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avg_predictions(mod,
by = "agecat",
hypothesis = "b3 - bl = 0")

Hypothesis Estimate Std. Error z Pr(>|z]) 25 % 97.5 %
b3-b1=0 0.0506 0.0269 1.88  0.0601 -0.00215  0.103

Finally, we add the equivalence argument to specify the interval of practical
equivalence.

avg_predictions(mod,
by = "agecat",
hypothesis = "b3 - bl = 0",
equivalence = c(-0.1, 0.1))

Hypothesis ~ Estimate  Std. Error z Pr(>lz[) 25 % 97.5 % p (NonInf) p (NonSup) p (Equiv)
b3-b1=0 0.0506 0.0269 1.88 0.0601  -0.00215 0.103  <0.001 0.0331 0.0331

The p value associated with this test of equivalence is small. This suggests that
we can reject the null hypothesis that the difference between average predicted
outcomes is large or meaningful.

5.6 Visualization

In many cases, data analysts will want to visualize (potentially aggregated)
predictions rather than report raw numeric values. This is easy to do with the
plot_predictions() function, which has a syntax that closely parallels that
of the other marginaleffects functions.

5.6.1 Unit predictions

As discussed in Chapter 3, the quantities derived from statistical models—
predictions, counterfactual comparisons, and slopes—are typically conditional,
in the sense that they depend on the values of all covariates in the model. This
implies that each unit in our sample will be associated with its own prediction
or effect estimate. In Avoiding One-Number Summaries, Harrell (2021) argues
that data analysts should avoid the temptation to summarize individual-level
estimates. Rather, Harrell argues, they should display the full distribution of
estimates to convey a sense of the heterogeneity in our quantity of interest,
across different combinations of predictor values.
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Histograms and Empirical Cumulative Distribution Function (ECDF) plots are
two common ways to visualize such a distribution. Since the output generated
by the predictions() function is a standard data frame, it is easy to feed that
object to any plotting function in R or Python, in order to craft good-looking
visualizations. Here, we draw two plots, and combine them using the special +
operator supplied by the patchwork package (Pedersen, 2024).

library(patchwork)
p = predictions(mod)

# Histogram

pl = ggplot(p) +
geom_histogram(aes(estimate, fill = factor(incentive))) +
labs(x = "Pr(outcome = 1)", y = "Count", fill = "Incentive") +
scale_fill_grey()

# Empirical Cumulative Distribution Function
p2 = ggplot(p) +
stat_ecdf (aes(estimate, colour = factor(incentive))) +
labs(x = "Pr(outcome = 1)",
y = "Cumulative Probability",
colour = "Incentive") +
scale_colour_grey()

# Combined plots

pl + p2
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Figure 5.2: Distribution of unit-level predictions (fitted values), by treatment
group.

The left side of Figure 5.2 is a histogram showing the distribution of predicted
probabilities for each individual in the observed dataset. As usual, the x-axis
represents the range of predicted outcomes, while the y-axis shows the number
of study participants in each bin. By assigning different colors to the bins
based on the treatment arm (incentive equal 0 or 1), we highlight one key
feature of the distribution: predicted outcomes for people in the treatment
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group tend to be much higher than predicted outcomes for people in the control
group. Indeed, the distribution of outcome probabilities without an incentive
(black) is concentrated between 0.2 and 0.4, indicating a low probability of
traveling to the test center. In contrast, the distribution of predicted outcome
for participants who received a monetary incentive (grey) is concentrated
between 0.70 and 0.85. This suggests that those who received an incentive are
considerably more likely to seek their test results.

The right side of Figure 5.2 presents an ECDF plot. Again, the x-axis represents
the range of predicted outcomes. This time, however, the y-axis indicates the
empirical cumulative distribution, that is, the proportion of data points that
are less than or equal to a specific value. For any given value on the x-axis,
the height of the curve indicates the proportion of data points that are less
than or equal to that value. For example, at 0.3 on the x-axis, we see that the
incentive=0 line is close to 0.25. This means that about 25% of participants
in our sample have predicted outcome smaller than 0.3. Where the ECDF
curve is steep, we know that much of our data is concentrated in that part
of the distribution. With this in mind, we see that many of our predicted
outcome values are clustered near 0.3 in the control group, and near 0.8 in the
treatment group.

5.6.2 Marginal predictions

So far, we have focused on the full distribution of unit-level predictions. Often,
we want to marginalize those unit-level estimates to plot average estimates
instead. The first approach to do this uses the by argument.

When we use this argument, the function will (1) compute predictions for
each observation in the actually observed dataset and (2) average unit-level
predictions across some variable(s) of interest. This is equivalent to plotting
the results of calling avg_predictions() using the by argument.

For example, if we want to compute the average predicted probability that
outcome equals 1, by subgroup, we execute this code.

avg_predictions(mod, by = "incentive")

incentive Estimate Std. Error z Pr(>lz]) 25% 975 %
0 0.340 0.01890 18.0 <0.001 0.303 0.377
1 0.791 0.00862 91.7 <0.001 0.774 0.808

We plot the same results using the plot_predictions() function.
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pl = plot_predictions(mod, by = "incentive")
p2 = plot_predictions(mod, by = c("incentive", "agecat"))
pl + p2
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Figure 5.3: Marginal predicted probabilities that outcome equals 1.

These plots show that there is a very large gap between the predicted outcome
for members of different incentive groups. In contrast, differences between
age categories seem much more modest.

Note that the plot_predictions () function also accepts a newdata argument.
This means that we can, for example, plot marginal means constructed by
averaging across a balanced grid of predictors.'?

plot_predictions(mod, by = "incentive", newdata = "balanced")

5.6.3 Conditional predictions

In some contexts, plotting marginal predictions may not be appropriate. For
instance, when one of the predictors of interest is continuous, where there
are many predictors, or much heterogeneity, the commands presented in the
previous section may generate jagged plots that are difficult to read. In such
cases, it can be useful to plot conditional predictions instead. In this context, the
word “conditional” means that we are computing predictions, conditional on the
values of the predictors in a constructed grid of representative values. However,
unlike in the previous section, we do not average over several predictions before
displaying the estimates. We fix the grid and display the predictions made for
that grid immediately.

The condition argument of the plot_predictions() function does just that:
build a grid of representative predictor values, compute predictions for each

I3The plot is omitted because, in this particular case, it looks very similar to the one in
Figure 5.3.
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combination of predictor values, and plot the results. In the following examples,
we fix one or more predictor to its unique values (categorical variables) or to
an equally spaced grid from minimum to maximum (numeric variables). The
other predictors in the model are held to their means or modes.

pl = plot_predictions(mod,
condition = "distance"
)
p2 = plot_predictions(mod,
condition = c("distance", "incentive")

)
p3 = plot_predictions(mod,
condition = c("distance", "incentive", "agecat")
)
(p1 + p2) / p3
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Figure 5.4: Predicted probability that outcome equals 1, conditional on incen-
tive, age category, and distance. Other variables are held at their means or
modes.

In each of these plots, the predicted probability that outcome equals one is
lower for individuals who live far from the test center (right side of the plot).
Moreover, we see that the dashed line are far above the solid lines, which
tells us that the predicted outcome is higher for individuals who received a
monetary incentive.

One useful feature of the plot_predictions() function is that it allows us
to set the value of some variables explicitly in the condition argument. For
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example, to plot the predicted outcome for an individual above 35 years old,
who did not receive a monetary incentive, for different values of distance:

plot_predictions(mod, condition = list(

"distance", "agecat" = ">35", "incentive" = 0
))
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5.6.4 Customization

In R, the output of plot_predictions() is a standard ggplot2 object. In
Python, the object is compatible with the plotnine library. This makes it
very easy for users to customize the appearance of their plots. For example,
we can change the style theme and add a rug plot like so.

plot_predictions(mod, condition = "distance", rug = TRUE) +

theme_grey() +
ylim(c (.65, .81)) + xlim(c(2, 4.5))
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A more powerful but less convenient way to customize plots is to call the
draw=FALSE argument. This will return a data frame with the raw values used
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to create plots. You can then use these data to create your own plots with
base R graphics, ggplot2, or any other plotting functions you like.

plot_predictions(mod, by = "incentive", draw = FALSE)

incentive estimate std.error statistic p.value s.value conf.low
0 0.3397746 0.018899196 17.97825 2.884284e-72 237.6506 0.3027328
1 0.7908348 0.008620357 91.74038 0.000000e+00 Inf 0.7739393

conf.high df

1 0.3768163 Inf

2 0.8077304 Inf

N =

5.7 Summary

This chapter defined a “prediction” as the outcome expected by a fitted model
for a given combination of predictor values. A prediction is a useful descriptive
quantity. It is an expectation or best guess for different individuals, units, or
subgroups of the population of interest.

The predictions() function from the marginaleffects package computes
predictions for a wide range of models. avg_predictions() aggregates unit-
level predictions. plot_predictions() displays predictions visually. The main
arguments of these functions are summarized in Table 5.1.

To clearly define predictions and attendant tests, analysts must make five
decisions.

First, the Quantity.

e Predictions can be computed on different scales, depending on the
type of statistical model. In generalized linear models (GLM), for
example, one can make predictions on the “link” or “response” scales.
In most cases, analysts should report predictions on the same scale
as the outcome variable, since this is most natural for readers.

e The scale of predictions is controlled by the type argument.

Second, the Predictors.

e Predictions are conditional quantities, that is, they depend on the
values of all the predictors in a model.

e Analysts can make predictions for different combinations of predictor
values, or grids: empirical, interesting, representative, balanced, or
counterfactual.

e The predictor grid is defined by the newdata argument and the
datagrid() function.
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Table 5.1: Main arguments of the predictions(), avg_predictions(), and
plot_predictions() functions.

Argument

model Fitted model used to make predictions.

newdata Grid of predictor values.

variables  Make predictions on a counterfactual grid.

vcov Standard errors: Classical, robust, clustered, etc.

conf_level

Size of the confidence intervals.

type Type of predictions: response, link, etc.

by Grouping variable for average predictions.

byfun Custom aggregation functions.

wts Weights used to compute average predictions.

transform  Post-hoc transformations.

hypothesis Compare predictions to one another, conduct linear or non-
linear hypothesis tests, or specify null hypotheses.

equivalence Equivalence tests

df Degrees of freedom for hypothesis tests.

numderiv Algorithm used to compute numerical derivatives.

Additional arguments are passed to the predict () method
supplied by the modeling package.

Third, the Aggregation.

e« To simplify the presentation of results, it often makes sense to
report average predictions. Analysts can choose between different
aggregation schemes:

—  Unit-level predictions (no aggregation)
—  Average predictions

—  Average predictions by subgroup

—  Weighted average of predictions

e  Predictions can be aggregated using the avg_predictions() func-
tion and the by argument.

Fourth, the Uncertainty.

o In marginaleffects, the vcov argument allows analysts to report
classical, robust, or clustered standard errors around predictions.
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e The inferences() function can compute uncertainty intervals via
bootstrapping, simulation-based inference, or conformal prediction.

Fifth, the Test.

e A null hypothesis test aims to determine if a prediction (or a function
of predictions) is different from a null hypothesis value. For example,
an analyst may wish to check if two predictions are different from
one another. Null hypothesis tests can be conducted using the
hypothesis argument.

e An equivalence test aims to determine if a prediction (or a function
of predictions) is similar to a reference value. Equivalence tests can
be conducted using the equivalence argument.
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Counterfactual comparisons

The main claim of this book is that the parameters of a statistical model are
complex quantities that do not always have a straightforward meaning. Instead
of trying to interpret them directly, we should treat parameters as a “resting
stone on the way to prediction.”

In this chapter, we go further and show that predictions can themselves act as
a springboard for further analysis. We will see how to combine predictions into
counterfactual comparisons that quantify the strength of association between
two variables, or the effect of a cause.

Counterfactual thinking is fundamental to scientific inquiry and data analysis.
Indeed, many of our most important research questions can be expressed as
comparisons between hypothetical worlds.

¢ Would survival be more likely if patients received a new medication
rather than a placebo?

¢  Would standardized test scores be higher if class sizes were smaller?

e Does participating in a micro-finance program increase household
income?

e Do conservation policies improve forest coverage?

To answer questions like these, researchers must conduct thought experiments.
They must make counterfactual predictions, and then compare those predic-
tions.

Say we want to estimate the effect of conservation policies on forest coverage.
To start, we ask: what is the forest coverage in a region without conservation
policies? Then, we ask: what would be the forest coverage in the same region, if
conservation policies were implemented? Finally, we compare the two quantities:
what is the difference between the expected forest coverage in counterfactual
worlds with and without conservation policies?

In that spirit, we can define a broad class of quantities of interest:

A counterfactual comparison is a function of two or more model-based
predictions, made for different predictor values.
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This definition is intimately linked to the theories of causal inference surveyed
in Section 2.1.3. As we will see, a natural way to estimate the effect of an
intervention is to use a statistical model to make predictions in two counterfac-
tual worlds and to compare those predictions. When the conditions for causal
identification are satisfied, this counterfactual comparison can be interpreted
as a measure of the effect of X on Y.

But even where the conditions for causal identification are not satisfied, coun-
terfactual comparisons remain very interesting statistical quantities. In that
case, they can be treated as descriptive measures of the strength of association
between two variables, holding other variables constant.

Sections 6.1 and 6.2 show that a vast array of estimands can be expressed
as functions of two (or more) predictions: contrasts, risk differences, ratios,
odds, lift, etc. Section 6.3 explains that we can aggregate counterfactual
comparisons across different grids to compute quantities of interest like the
average treatment effect (ATE) or the conditional average treatment effect
(CATE). Section 6.4 discusses standard errors and confidence intervals, and
Section 6.5 shows how we can contrast comparisons to one another, in view of
exploring treatment effect heterogeneity. Section 6.6 concludes with some tips
on data visualization.

6.1 Quantity

A counterfactual comparison is a function of two or more model-based predic-
tions, made with different predictor values. To operationalize this quantity,
we must make three decisions. First, what is the focal predictor whose effect
on (or association with) the outcome we wish to estimate? Second, how does
the focal predictor differ between counterfactual worlds? Third, what function
do we use to compare predicted outcomes obtained for different values of the
focal predictor?

To fix notation, consider a simple case where we fit a statistical model with
outcome Y and focal predictor X, and use the parameter estimates to compute
predictions. When the variable X is set to a specific value z, the model-based
prediction is written )A/'X:m.

An analyst who is interested in model description, data description, or causal
inference may want to estimate how the predicted outcome Yy changes when
we manipulate the predictor X. For example, how does the predicted outcome
change when X increases by 1 unit, by one standard deviation, or when X
changes from one specific value to another?
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YX:,T,H — ?X:m Increase of one unit
?X::H(,X — ?X:x Increase of one standard deviation
YX:WM( X) — }A’X:mm( X) Increase from minimum to maximum
YX:b — }A’X:a Change between specific values a and b

In each of the examples above, we calculated the difference between two
predicted outcomes, evaluated for different values of the focal predictor X. A
simple difference is often the best starting point for interpretation, because
it is simple and easy to grasp intuitively. But we are not restricted to this
function.

}A/X:b - YX:a Difference
Yy
= Ratio
YX:a
Yx=p = Vx=a it
YX:a

In the special case where the predicted outcome Yy is a probability, YX:b —

f/)f:b YX:a

Yx—, is called a risk difference, Yx—p/Yx—, a risk ratio, and S
1-Yx—p / 1-Yx=a

an odds ratio.

The rest of this chapter shows how to compute and interpret all of these
quantities using the marginaleffects package.

For illustration, we fit a logistic regression model to data from Thornton (2008).
The outcome is a binary variable which indicates if a study participant sought
to learn their HIV status. The randomized treatment is a binary variable
indicating whether the participant received a monetary incentive. To make
the specification more flexible and improve precision, we interact the incentive
indicator with two other predictors: a participant’s age category and their
distance from the test center.

library(marginaleffects)

dat = get_dataset("thornton")

mod = glm(outcome ~ incentive * (agecat + distance),
data = dat, family = binomial)

summary (mod)
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Coefficients:

Estimate Std. Error z value Pr(>|zl)
(Intercept) -0.48617 0.29621 -1.641 0.1007
incentive 2.05760 0.34421 5.978 <0.001
agecatl18 to 35 0.07937 0.28872 0.275 0.7834
agecat>35 0.34522 0.29467 1.172 0.2414
distance -0.18440 0.07236 -2.548 0.0108
incentive:agecat18 to 35 -0.05850 0.33500 -0.175 0.8614
incentive:agecat>35 -0.12468 0.34242 -0.364 0.7158
incentive:distance 0.02304 0.08256 0.279 0.7802

This is a simple logistic regression model. Yet, because the model includes
interactions and a non-linear link function, interpreting raw model coefficients
is difficult for most analysts, and essentially impossible for lay people.

Counterfactual comparisons are a compelling alternative to coefficient estimates,
with many advantages for interpretation. First, counterfactual comparisons
can be expressed directly on the scale of the outcome variable, rather than
as complex functions like log-odds ratios. Second, counterfactual comparisons
map directly onto what many people have in mind when they think of the
effect of a treatment: what change can we expect in the outcome when a
predictor changes? Finally, as the next sections show, the marginaleffects
package makes it trivial to compute counterfactual comparisons. Data analysts
can embrace the same workflow in model-agnostic fashion, applying similar
post-estimation steps regardless of the kind of model they chose to estimate.

6.1.1 First steps: risk difference with a binary treatment

To begin, let us consider a simple estimand: the risk difference associated
with a change in binary treatment. Specifically, we will estimate the expected
change in outcome when the incentive variable is manipulated to equal 1
instead of 0.

An important factor to consider, when estimating such a quantity, is that
counterfactual comparisons are conditional quantities. Except in the simplest
cases, comparisons will depend on the values of all the predictors in a model.
Each individual in a dataset may be associated with a different counterfactual
comparison. Therefore, whenever the analyst computes a counterfactual com-
parison, they must explicitly define the values of the focal predictor, but also
the values of all other covariates in the model.

Section 6.2 explores different ways to define a grid of predictor profiles. For
now, we shall focus on a single individual with arbitrary characteristics.

grid = data.frame(distance = 2, agecat = "18 to 35", incentive = 1)
grid

distance agecat incentive
1 2 18 to 35 1
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Our goal is to estimate the risk difference for someone between the ages of 18
to 35, who lives a distance of 2 from the test center.

A~ A~

Yiz1,d=2,a=18 to 35 — Yi=0,d=2,a=18 to 35

To compute this quantity, we must compare model-based predictions with and
without the incentive, holding all other unit characteristics constant. Using
simple base R commands, we manipulate the grid, make predictions, and
compare those predictions.

# Counterfactual grids of predictor wvalues
g_treatment = transform(grid, incentive = 1)
g_control = transform(grid, incentive = 0)

# Counterfactual predictions
p_treatment = predictions(mod, newdata = g_treatment)$estimate
p_control = predictions(mod, newdata = g_control)$estimate

# Counterfactual comparison
p_treatment - p_control

[1] 0.465402

The same estimate can be obtained more easily, along with standard errors and
test statistics, using the comparisons() function from the marginaleffects
package.

comparisons(mod, variables = "incentive", newdata = grid)

Estimate Std. Error z Pr(>lz]) 25% 975 %
0.465 0.0293 15.9 <0.001 0.408 0.523

Our model suggests that, for a participant who is between 18 and 35 years old
and lives a distance of 2 from the test center, moving from the control group to
the treatment group increases the predicted probability that outcome equals
one by 0.465 x 100 = 46.5 percentage points.

This result is interesting, but a note of caution is warranted. In this chapter,
we will interpret the counterfactual comparison as a measure of the effect of
a change in a focal predictor on the outcome predicted by a model. This is
both a claim about the fitted model’s behavior,! and a descriptive claim about
the estimated association between a focal predictor and the outcome.? To
go further and give counterfactual comparisons a causal interpretation would

ISection 2.1.1
2Section 2.1.2
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require us to make strong assumptions. Chapter 8 discusses these assumptions
in some detail.

6.1.2 Comparison functions

So far, we have measured the effect of a change in predictor solely by looking
at differences in predicted outcomes. Differences are typically the best starting
point for interpretation, because they are simple and easy to grasp intuitively.
Nevertheless, in some contexts it can make sense to use different functions to
compare counterfactual predictions, such as ratios, lift, or odds ratios.

To compute the ratio of predicted outcomes associated to a change in
incentive, we use the comparison="ratio" argument.

~5

i=1,d=2,a=18-35

>

i=0,d=2,a=18-35

comparisons (mod,
variables = "incentive",
comparison = "ratio",
hypothesis = 1,
newdata = grid)

Estimate Std. Error z  Pr(>]z|]) 25% 975 %
2.48 0.211 7 <0.001 2.06 2.89

The predicted outcome is nearly 2.5 times as large for a participant in the
treatment group, who is between 18 and 35 years old and lives at a distance of
2 from the test center, than for a participant in the control group with the
same socio-demographic characteristics. Note that, in the code above, we set
hypothesis=1 to test against the null hypothesis that these two predicted
probabilities are identical (ratio of 1). The standard error is small and the z
statistic large.

Therefore, we can reject the null hypothesis that the predicted outcomes are
the same in the treatment and control arms of this trial. We can reject the
hypothesis that the ratio between the predicted probabilities that someone
in the treatment group (incentive=1) and someone in the control group
(incentive=0) will get their test results is 1.
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To compute the lift, we would proceed in the same way, by setting
comparison="1ift".

A A~

Yic1,d=2,a=18-35 — Yi=0,d=2,a=18-35

~

Yi—0,d=2,a=18-35

comparisons (mod,
variables = "incentive",
comparison = "1lift",
newdata = grid)

Estimate Std. Error z  Pr(>]z|]) 25% 975 %
1.48 0.211 7 <0.001 1.06 1.89

Finally, it is useful to note that the comparison argument accepts arbitrary
functions. This is an extremely powerful feature, as it allows analysts to specify
fully customized comparisons between a hi prediction (e.g., treatment) and a
lo prediction (e.g., control). To illustrate, we compute a log odds ratio based
on average predictions.?

lnor = function(hi, lo) {

log((mean(hi) / (1 - mean(hi))) / (mean(lo) / (1 - mean(lo))))
}
comparisons (mod,

variables = "incentive",

comparison = lnor)

Estimate Std. Error  z Pr(>lz]) 25% 975 %
2 0.0991 20.2 <0.001 1.8 2.19

6.2 Predictors

The predictors in a model can be divided in two categories: focal and adjustment
variables. Focal variables are the key predictors in a counterfactual analysis.
They are the variables whose effect on (or association with) the outcome we
wish to quantify. In contrast, adjustment (or control) variables are incidental
to the principal analysis. They can be included in a model to increase its

3We take the log odds ratios of the averages, rather than the average log odds ratio,
because odds ratios are non-collapsible.
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flexibility, improve fit, control for confounders, or to check if treatment effects
vary across subgroups of the population. However, the effect of an adjustment
variable is not of inherent interest in a counterfactual analysis.*

As noted above, counterfactual comparisons are conditional quantities, which
means that they typically depend on the values of all the predictors in a model.
Therefore, when computing a comparison, we must decide where to evaluate it
in the predictor space. We must decide what values to assign to both the focal
and adjustment variables.

6.2.1 Focal variables

When estimating counterfactual comparisons, our goal is to determine what
happens to the predicted outcome when one or more focal predictors change.
Obviously, the kind of change we are interested in depends on the nature of
the focal predictors. Let us consider four common cases: binary, categorical,
numeric, and cross-comparisons.

For pedagogical purposes, we will treat each of the predictors in our model as a
focal variable in turn: incentive, agecat, and distance. Note, however, that
only the incentive variable was randomized in the Thornton (2008) study.
In most real-world applications, there will only be one or two focal predictors
per statistical model.?

0.2.1.1 Change in binary predictors

By default, when the focal predictor is binary, marginaleffects returns the
value of the difference in predicted outcome associated to a change from the
control (0) to the treatment (1) group.

comparisons(mod, variables = "incentive", newdata = grid)

Estimate Std. Error z Pr(>lz|) 25% 975 %
0.465 0.0293 159 <0.001 0.408  0.523

If an analyst wants to compute the effect of a change in the opposite direction,
they can specify that change explicitly using the list syntax.

comparisons(mod, variables = list("incentive" = c(1, 0)), newdata = grid)

4Interpreting the parameters associated with adjustment variables as measures of as-
sociation or effect is generally not recommended. See the discussion of Table 2 fallacy in
Section 2.2 and Westreich and Greenland (2013).

5See Section 2.1.3 for a discussion of the problems that can arise when multiple focal
variables are included in a single model. Also see Goldsmith-Pinkham et al. (Forthcoming).
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Estimate Std. Error  z Pr(>lz]) 25% 975 %
—0.465 0.0293 —15.9 <0.001 —0.523 —0.408

Moving from the treatment to the control group on the incentive variable is a
associated with a change of —47 percentage points in the predicted probability
that outcome equals 1.

0.2.1.2 Change in categorical predictors

The same approach can be used when we are interested in changes in a
categorical variable with multiple levels. For example, if we want to know how
changes in the agecat variable affect the predicted probability that outcome
equals 1, we use the variables argument.

comparisons(mod, variables = "agecat", newdata = grid)
Contrast Estimate  Std. Error 2 Pr(>|z|) 25 % 97.5 %
18 to 35 — <18  0.00359 0.0294 0.122  0.903 —0.0540 0.0611
>35 — <18 0.03587 0.0294 1.221  0.222 —0.0217  0.0935

Moving from the <18 category to the 18 to 35 category increases the predicted
probability that outcome equals 1 by 0.4 percentage points. Moving from
the <18 to the >35 age bracket increases the predicted probability by 3.6
percentage points.

By default, the comparisons() function returns comparisons between every
level of the categorical predictor and its reference level, or first category. We
can modify the variables argument to compare specific categories, or to
compare all categories to its preceding level, sequentially: <18 to 18 to 395,
and 18 to 35 to >35.

# Specific comparison

comparisons (mod,
variables = list("agecat" = c("18 to 35", ">35")),
newdata = grid)

# Sequential comparisons

comparisons (mod,
variables = list("agecat" = "sequential"),
newdata = grid)
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6.2.1.3 Change in numeric predictors

When the focal predictor is numeric, we can once again use the variables
argument.

comparisons(mod, variables = "distance", newdata = grid)
Estimate Std. Error z Pr(>z]) 25% 97.5 %
—0.0289  0.00742 -3.89 <0.001 —0.0434 —0.0143

This table shows the effect of increasing distance by 1 unit on the predicted
value of outcome. Importantly, this corresponds to an increase of 1 unit from
the value of distance encoded in the predictor grid.

grid

distance agecat incentive
1 2 18 to 35 1

For a person between the ages of 18 and 35, in the treatment group, moving
from 2 to 3 units on the distance variable is associated with a change of —2.9
percentage points on the predicted probability of the outcome.

One may be interested in different magnitudes of change in the focal predictor
distance. For example, the effect of a 5 unit (or 1 standard deviation) increase
in distance on the predicted value of the outcome. Alternatively, the analyst
may want to assess the effect of a change between two specific values of
distance, or across the interquartile (or full) range of the data. All of these
options are easy to implement using the variables argument.

# Increase of 5 units
comparisons(mod, variables = list("distance" = 5), newdata = grid)

# Increase of 1 standard deviation
comparisons(mod, variables = list("distance" = "sd"), newdata = grid)

# Change between specific values
comparisons(mod, variables = list("distance" = c(0, 3)), newdata = grid)

# Change across the interquartile range
comparisons(mod, variables = list("distance" = "iqr"), newdata = grid)

# Change across the full range
comparisons(mod, variables = list("distance" = "minmax"), newdata = grid)
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6.2.1.4 Cross-comparisons

Sometimes, an analyst wants to assess the joint or combined effect of manipu-
lating two predictors. In a medical study, for example, we may be interested in
the change in survival rates for people who both receive a new treatment and
make a dietary change. In our running example, it may be interesting to know
how much the predicted probability of outcome would change if we modified
both the distance and incentive variables simultaneously. To check this, we
use the cross argument.

cmp = comparisons(mod,
variables = c("incentive", "distance"),
cross = TRUE,
newdata = grid)

cmp
C: distance  C: incentive Estimate Std. Error 2 Pr(>lz]) 25% 97.5%
+1 1-0 0.437 0.0305 14.3  <0.001 0.377  0.496

These results show that a simultaneous increase of 1 unit in the distance
variable and between 0 and 1 on the incentive variable is associated with a
change of 0.437 in the predicted outcome.

6.2.2 Adjustment variables

In a typical counterfactual analysis, the researcher is not interested in a change
in the adjustment variables themselves. Nevertheless, since the value of a
counterfactual comparison depends on where it is evaluated in the predictor
space, we must imperatively define the full grid of focal and adjustment
variables.

Much like in Chapter 5, where we computed predictions for different pro-
files, we now estimate counterfactual comparisons on empirical, interesting,
representative, and balanced grids.

6.2.2.1 Empirical distribution

By default, the comparisons() function returns estimates for every row of
the original data frame that was used to fit the model. The Thornton (2008)
dataset includes 2825 complete observations (after dropping missing data), so
the next command will yield 2825 estimates.

comparisons(mod, variables = "incentive")
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Estimate Std. Error z Pr(>lz|) 25% 97.5%
0.458 0.0689 6.64 <0.001 0.323  0.593
0.463 0.0666 6.95 <0.001 0.332  0.593
0.488 0.0611 7.99  <0.001 0.368  0.608
0.482 0.0603 7.99 <0.001 0.364  0.600
0.471 0.0632 7.45  <0.001 0.347  0.595

2815 rows omitted
0.423 0.0370 11.43 <0.001 0.350 0.495
0.416 0.0393 10.59 <0.001 0.339 0.493
0.423 0.0370 11.43 <0.001 0.350  0.495
0.428 0.0355 12.05 <0.001 0.358  0.498
0.454 0.0377 12.02 <0.001 0.380  0.528

If we do not specify the variables argument, comparisons() computes dis-
tinct differences for all the variables. Here, there are 4 possible differences, so
we get 4 x 2825 = 11300 rows.

cmp = comparisons (mod)

nrow (cmp)

[1] 11300

cmp

Term Contrast Estimate  Std. Error 1z Pr(>z]) 25% 97.5 %
agecat 18 to 35 — <18 0.0184 0.0665 0.277  0.782 —0.1120  0.149
agecat 18 to 35 — <18 0.0181 0.0655 0.277  0.782 —0.1102  0.147
agecat 18 to 35 — <18 0.0151 0.0544 0.278  0.781 —0.0916 0.122
agecat 18 to 35 — <18  0.0165 0.0593 0.278  0.781 —0.0998 0.133
agecat 18 to 35 — <18 0.0176 0.0634 0.277  0.782 —0.1067 0.142
11290 rows omitted

incentive 1 — 0 0.4227 0.0370 11.431 <0.001 0.3502 0.495
incentive 1 — 0 0.4161 0.0393 10.585 <0.001 0.3391 0.493
incentive 1 — 0 0.4227 0.0370 11.427 <0.001 0.3502 0.495
incentive 1 — 0 0.4280 0.0355 12.049 <0.001 0.3584 0.498
incentive 1 — 0 0.4539 0.0377 12.024 <0.001 0.3799 0.528

Since the output of comparisons() is a simple data frame, we can easily plot
the full distribution of unit-specific risk differences.
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library(ggplot2)

ggplot(cmp, aes(x = estimate)) +
geom_histogram(bins = 30) +

facet_grid(. ~ term + contrast, scales = "free") +

labs(x = "Estimated change in predicted outcome", y = "Count")
agecat agecat distance incentive
>35 - <18 18035 - <18 +1 1-0

1250
1000 A
7504
5004

2504 h

0- | — _-__4 _—J.-
0.030.040.050.06 0.07 0.08 0.005 0.010 0.015 -0.04 -0.03 —-0.02 0.400 0.425 0.450 0.475
Estimated change in predicted outcome
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Figure 6.1: Distribution of unit-level risk differences associated with changes
in each of the predictors.

The x-axes in Figure 6.1 show the estimated effects of changes in the predictors
on the predicted value of the outcome. The y-axes show the prevalence of each
estimate across the full sample.

There appears to be considerable heterogeneity. For example, consider the
right-most panel, which plots the distribution of unit-level contrasts for the
incentive variable. This panel shows that for some participants, the model
predicts that moving from the control to the treatment condition would increase
the predicted probability that outcome equals one by about 0.5 points. For
others, the estimated effect of this change can be as low as 0.4.

6.2.2.2 Interesting grid

In some contexts, we want to estimate a contrast for a specific individual with
characteristics of interest. To achieve this, we can supply a data frame to the
newdata argument.

The code below shows the expected change in the predicted probability of the
outcome associated with a change in incentive, for a few individuals with
interesting characteristics. As in Chapter 5, we use the datagrid() function
as a convenient mechanism to create a grid of profiles of interest.

comparisons (mod,
variables = "incentive",
newdata = datagrid(agecat = unique, distance = mean))
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agecat  distance Estimate Std. Error z Pr(>z]) 25% 975 %
<18 2.01 0.479 0.0608 7.87  <0.001 0.360  0.598
18 to 35 2.01 0.466 0.0293 15.87 <0.001 0.408  0.523
>35 2.01 0.438 0.0342 12.79  <0.001 0.371  0.505

Notice that the estimated effects of incentive on the predicted probability
that outcome=1 differ depending on participants’ age. Indeed, our model
estimates that the difference between treatment and control would be 46.6
percentage points in the central age category, but 43.8 percentage points in
the older age category.

6.2.2.3 Representative grids

A common alternative is to compute a comparison or risk difference “at the
mean.” The idea is to create a “representative” or “synthetic” profile for an
individual whose characteristics are completely average or modal. Then, we
report the comparison for this specific hypothetical individual. To do this, we
use the “mean” shortcut in the newdata argument.

comparisons(mod, variables = "incentive", newdata = "mean")

Estimate Std. Error z Pr(>|z]) 25% 975 %
0.466 0.0293 15.9 <0.001 0.408 0.523

The main advantage of this approach is that it is fast and cheap from a
computational standpoint. The disadvantage is that the interpretation is
somewhat ambiguous. Often, the population includes no individual at all who
is perfectly average across all dimensions and it is not always clear why we
should be interested in such an individual. This matters because, in some
cases, a “comparison at the mean” can differ significantly from an “average
comparison.”®

0.2.2.4 Balanced grids

Balanced grids, introduced in Section 3.2, include all unique combinations of
categorical variables, while holding numeric variables at their means. This is
particularly useful in experimental contexts, where the sample is not represen-
tative of the target population, and where we want to treat each combination
of treatment conditions similarly.

6Section 6.3
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cmp = comparisons(mod, variables = "incentive", newdata = "balanced")
as.data.frame (cmp)

rowid term contrast estimate std.error statistic p.value
1 1 incentive 1 - 0 0.4788406 0.06084969 7.869237 3.568100e-15
2 2 incentive 1 - 0 0.4655786 0.02933085 15.873341 9.693996e-57
3 3 incentive 1 - 0 0.4379624 0.03423944 12.791165 1.836999e-37
4 4 incentive 1 - 0 0.4788406 0.06084969 7.869237 3.568100e-15
5 5 incentive 1 - 0 0.4655786 0.02933085 15.873341 9.693996e-57
6 6 incentive 1 - 0 0.4379624 0.03423944 12.791165 1.836999e-37
s.value conf.low conf.high predicted_lo predicted_hi predicted agecat
1 47.99377 0.3595774 0.5981038 0.2978325 0.7766732 0.2978325 <18
2 186.07281 0.4080912 0.5230660 0.3146933 0.7802718 0.3146933 18 to 35
3 122.03399 0.3708543 0.5050704 0.3746268 0.8125892 0.3746268 >35
4 47.99377 0.3595774 0.5981038 0.2978325 0.7766732 0.7766732 <18
5 186.07281 0.4080912 0.5230660 0.3146933 0.7802718 0.7802718 18 to 35
6 122.03399 0.3708543 0.5050704 0.3746268 0.8125892 0.8125892 >35
distance outcome
1 2.014541 1
2 2.014541 1
3 2.014541 1
4 2.014541 1
5 2.014541 1
6 2.014541 1

The code above converted the results to a data.frame. This is because
marginaleffects automatically hides some columns when printing output.
Calling as.data.frame() ensures that all columns are printed, which makes
it easier to see the structure of the balanced grid.

6.3 Aggregation

As discussed above, the default behavior of comparisons() is to estimate
quantities of interest for all the actually observed units in our dataset, or for
each row of the dataset supplied to the newdata argument. Sometimes, it is
convenient to marginalize those conditional estimates to obtain an average (or
marginal) estimates.

Several key quantities of interest can be expressed as average counterfactual
comparisons. For example, when certain assumptions are satisfied, the average
treatment effect (ATE) of X on Y can be defined as the expected difference
between outcomes under treatment or control:

ElYx=1 — Yx=o,
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where the expectation is taken over the distribution of adjustment variables.
In Chapter 8, we will see that estimands like the Average Treatment Effect on
the Treated (ATT) or Average Treatment Effect on the Untreated (ATU) can
be defined analogously.

To compute an average counterfactual comparison, we proceed in four steps:

1. Compute predictions for every row of the dataset in the counterfac-
tual world where all observations belong to the treatment condition.

2. Compute predictions for every row of the dataset in the counterfac-

tual world where all observations belong to the control condition.

Take the differences between the two vectors of predictions.

4. Average the unit-level estimates across the whole dataset, or within
subgroups.

©w

Previously, we called the comparisons() function to compute unit-level coun-
terfactual comparisons. To return average estimates, we call the same function,
with the same arguments, but add the avg_ prefix.

avg_comparisons(mod, variables = "incentive")

Estimate Std. Error z Pr(>|z]) 25% 975 %
0.452 0.0208 21.8 <0.001 0.411  0.493

On average, across all participants in the study, moving from the control to
the treatment group is associated with a change of 45.2 percentage points in
the predicted probability that outcome equals one. This result is equivalent to
computing unit-level estimates and taking their mean.

cmp = comparisons(mod, variables = "incentive")
mean (cmp$estimate)

[1] 0.45192

Using the by argument, we can compute the average risk difference with respect
to incentive, for each age subcategory.

avg_comparisons(mod, variables = "incentive", by = "agecat")
agecat  Estimate Std. Error 2z Pr(>lz]) 25% 975 %
<18 0.475 0.0605 7.85  <0.001 0.356  0.593
18 to 35 0.461 0.0290 15.89 <0.001 0.404 0.518

>35 0.435 0.0338 12.84 <0.001 0.368  0.501
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On average, for participants in the <18 age bracket, moving from the control
to the treatment group is associated with a change of 47.5 percentage points in
the predicted probability that outcome equals one. This average risk difference
is estimated at 43.5 percentage points for participants above 35 years old.

We can also compute an average risk difference for individuals with specific
profiles, by specifying the grid of predictors using the newdata argument. For
example, if we are interested in an average treatment effect that only applies
to study participants who actually belonged to the treatment group, we can
call:”

avg_comparisons (mod,
variables = "incentive",
newdata = subset(incentive == 1)

)

Estimate Std. Error z Pr(>lz]) 25% 975 %
0.452 0.0208 21.8 <0.001 0.411  0.493

6.3.1 Average predictions vs. average comparisons

Before moving on, it is useful to take a slight detour to highlight the rela-
tionships between three of the most important quantities of interest we have
considered so far: average predictions, average counterfactual predictions, and
average counterfactual comparisons.

To illustrate these concepts, we momentarily shift our focus to the Palmer
Penguins dataset (Horst et al., 2020), which contains measurements of body
mass and flipper lengths for three species of penguins: Adelie, Chinstrap, and
Gentoo. On average, the dataset shows that Gentoo penguins are heaviest and
have the longest flippers.

penguins = get_dataset("penguins", "palmerpenguins")
aggregate (
cbind(body_mass_g, flipper_length_mm) ~ species,
FUN = mean,

data = penguins)

species body_mass_g flipper_length_mm

1 Adelie 3700.662 189.9536
2 Chinstrap 3733.088 195.8235
3 Gentoo 5076.016 217.1870

“In the current example, computing the average across the full empirical distribution or
in the subset of actually treated units does not make much difference, which is often the case
for randomized controlled experiments. As Chapter 8 shows, this is not the case in general.
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We fit a linear regression model to predict flipper length based on body mass
and species. Average predictions are calculated over the observed distribution
of covariates within each subset of interest. If Gentoo penguins are heavier than
Adelie, that difference in predictors will be reflected in the average predictions.

fit = Im(flipper_length_mm ~ body_mass_g * species, data = penguins)

avg_predictions(fit, by = "species")

species Estimate Std. Error z Pr(>)z]) 25% 975 %

Adelie 190 0.435 436 <0.001 189 191
Chinstrap 196 0.649 302 <0.001 195 197
Gentoo 217 0.482 450 <0.001 216 218

Now, consider what happens when we compute average counterfactual pre-
dictions instead. As explained in Section 5.2.5, this involves duplicating the
entire dataset three times—once for each penguin species—and fixing the focal
variable to be constant in the three dataset. Then, we call the predict () and
mean () functions from base R, in order to return the average expected flipper
length.

# Adelie
penguins |>
transform(species = "Adelie") |[>

predict (fit, newdata = _) [>
mean(na.rm = TRUE)

[1] 193.2994

# Chinstrap

penguins |>
transform(species = "Chinstrap") [>
predict(fit, newdata = _) |[>
mean(na.rm = TRUE)

[1] 201.403

# Gentoo

penguins |>
transform(species = "Gentoo") |[>
predict(fit, newdata = _) [>
mean(na.rm = TRUE)

[1] 209.2844
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Instead of this manual calculation, we can compute the average counterfactual
predictions with the avg_predictions() function and its variables and by
arguments.

p = avg_predictions(fit, variables = "species", by = "species")
p

species Estimate Std. Error =z Pr(>z]) 25% 975 %

Adelie 193 0.646 299 <0.001 192 195
Chinstrap 201 1.027 196  <0.001 199 203
Gentoo 209 0.968 216 <0.001 207 211

Note that since we have replicated the full datasets, the distribution of body
mass is now identical in all three datasets. By construction, the average
counterfactual predictions are ceteris paribus quantities, that allow us to
compare species while holding covariates constant. As a result of “ignoring’
body mass, the gaps between average counterfactual predictions are smaller
than the gaps between average predictions.

i

Finally, average counterfactual comparisons measure the differences between
these counterfactual predictions, giving us the estimated effect of species
on flipper length, while controlling for body mass. Average counterfactual
comparisons can be computed directly by taking the difference between average
counterfactual predictions, or by calling avg_comparisons().

diff (p$estimate)

[1] 8.103662 7.881389

avg_comparisons(fit, variables = list(species = "sequential"))
Contrast Estimate Std. Error 1z Pr(>[z]) 25% 975 %
Chinstrap — Adelie ~ 8.10 1.21 6.68 <0.001 5.73 10.5
Gentoo — Chinstrap 7.88 1.41 5.58 <0.001 5.11 10.6

This example illustrates how counterfactual predictions and comparisons allow
us to conduct “all else equal” analyses—examining the relationship between
variables while holding other factors constant. The differences between species
are smaller in the counterfactual analysis than in the raw data because we
have “controlled for” the fact that some species tend to be heavier than others.

In the next section, we go back to our running example.
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6.4 Uncertainty

By default, the standard errors around contrasts are estimated using the
delta method and the classical variance-covariance matrix supplied by the
modeling software.® For many of the more common statistical models, we can
rely on the sandwich or clubSandwich packages to report “robust” standard
errors, confidence intervals, and p values (Zeileis et al., 2020; Pustejovsky,
2023). We can also use the inferences() function to compute bootstrap or
simulation-based estimates of uncertainty.

Using the modelsummary package, we can report estimates with different
uncertainty estimates in a single table, with models displayed side-by-side
(Table 6.1).°

library(modelsummary)

models = list(

"Heteroskedasticity" = avg_comparisons(mod, vcov = "HC3"),
"Clustered" = avg_comparisons(mod, vcov = ~village),
"Bootstrap" = avg_comparisons(mod) |> inferences("boot")

)

modelsummary (models,
statistic = "conf.int", fmt = 4, gof_map = "nobs",
shape = term + contrast ~ model

)
|
6.5 Test

Earlier in this chapter, we estimated average counterfactual comparisons for
different age subgroups. Now, we will see how to conduct hypothesis tests on
these quantities, in order to compare them to one another.

Imagine one is interested in the following question:

Does moving from incentive=0 to incentive=1 have a bigger effect on
the predicted probability that outcome=1 for older or younger participants?

8Section 14.1

9The statistic argument allows us to display confidence intervals instead of the default
standard errors. The fmt determines the number of digits to display. gof_omit omits all
goodness-of-fit statistics from the bottom of the table. shape indicates that models should
be displayed as columns and terms and contrasts as structured rows.
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Table 6.1: Alternative ways to compute uncertainty about counterfactual
comparisons.

Heteroskedasticity Clustered Bootstrap
agecat 18 to 35 — <18 0.0065 0.0065 0.0065
[—0.0457, 0.0587] [—0.0468, 0.0599] (—0.0470, 0.0580]
>35 — <18 0.0449 0.0449 0.0449
[—=0.0079, 0.0977] [—0.0033, 0.0931] [—0.0109, 0.0977
distance +1 —0.0303 —0.0303 —0.0303
[—0.0427, —0.0179]  [-0.0449, —0.0157]  [—0.0428, —0.0185]
incentive 1 -0 0.4519 0.4519 0.4519
[0.4110, 0.4928] [0.4094, 0.4945] [0.4127, 0.4915]
Num.Obs. 2825 2825 2825

To answer this, we can start by using the avg_comparisons() and its by
argument to estimate sub-group specific average risk differences.

cmp = avg_comparisons(mod,

variables = "incentive",
by = "agecat")
cmp
agecat Estimate Std. Error 2 Pr(>z]) 25% 975 %
<18 0.475 0.0605 7.85  <0.001 0.356  0.593
18 to 35 0.461 0.0290 15.89 <0.001 0.404 0.518
>35 0.435 0.0338 12.84 <0.001 0.368  0.501

At first glance, it looks like the average counterfactual comparison is larger in
the first age bin than in the last (0.475 vs. 0.435). It looks like the effect of
incentive on the probability of seeking to learn one’s HIV status is stronger
for younger participants than for older ones.

The difference between estimated treatment effects in those two groups is

0.475 — 0.435 = 0.04,

but is this difference statistically significant? Does our data allow us to conclude
that incentive has different effects in age subgroups?

To answer this question, we follow the process laid out in Chapter 4, and
express our test as a string formula, where bl identifies the estimate in the
first row and b3 in the third row.
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avg_comparisons (mod,
hypothesis = "bl - b3 = 0",
variables = "incentive",
by = "agecat")

Hypothesis  Estimate Std. Error z Pr(>|z]) 25% 975 %
b1-b3=0 0.04 0.0693 0.577 0.564 -0.0958  0.176

There is a numerical difference between the two estimates, but the p value is
large. This means that we cannot reject the null hypothesis that the effect of
incentive on predicted outcome is the same for participants in the two age
brackets. The two estimated risk differences are not statistically distinguishable
from one another.

6.6 Visualization

In many cases, data analysts will want to visualize counterfactual comparisons
rather than solely report numerical summaries. Figure 6.1 already showed how
one could visualize unit-level comparisons. In this section, we will see how
the plot_comparisons() can be used to visualize marginal and conditional
comparisons.

6.6.1 Marginal comparisons

We already know that the avg_comparisons () function can be used to compute
average counterfactual comparisons, or conditional average treatment effects by
subgroups of the data. For example, it allows us to calculate the average change
in predicted outcome associated with a change in incentive, for different age
subgroups.

avg_comparisons(mod, variables = "incentive", by = "agecat")
agecat  Estimate Std. Error z Pr(>lz]) 25% 975 %
<18 0.475 0.0605 7.85  <0.001 0.356  0.593
18 to 35 0.461 0.0290 15.89 <0.001 0.404 0.518

>35 0.435 0.0338 12.84 <0.001 0.368  0.501
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Instead of displaying these results in a table, we can call the
plot_comparisons() function to compute the same estimates, and present
them graphically. The syntax is nearly identical.

library(ggplot2)
plot_comparisons(mod, variables = "incentive", by = "agecat") +
labs(x = "Age", y = "Average risk difference")
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Figure 6.2: Marginal counterfactual comparisons for a change in incentive, by
age category.

This plot shows that, on average, our model expects that receiving an incentive
will have a stronger effect on the probability of seeking to learn one’s HIV
status for younger individuals. Indeed, the point estimate is higher on the
left side of the plot than on the right side. However, the confidence intervals
are wide and overlapping, which suggests that the treatment effects are not
significantly different from one another.

6.6.2 Conditional comparisons

When one of the predictors of interest is continuous or when we are deal-
ing with multiple predictors, plotting conditional comparisons rather than
marginal ones can improve interpretability. The condition argument of the
plot_comparisons () function helps us construct plots where we hold some pre-
dictors at representative values, while displaying the variation in comparisons
for others.
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library(patchwork)

pl = plot_comparisons(mod,

variables = "incentive",
condition = "distance") +
labs(y = "Conditional risk difference")

p2 = plot_comparisons(mod,

variables = "incentive",

condition = c("distance", "agecat")) +

labs(y = "Conditional risk difference")

pl + p2
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On these plots, high values on the y-axis indicate that the incentive has a
strong effect on the predicted probability of outcome. The x-axis represents
the distance between a participant’s home and the test center, with people
living closest to the test center at the left of the plots.

The first plot shows that the estimated effect of incentive on the predicted
probability of outcome is smaller for individuals living closest to the test center.
The second plot further indicates slight differences across age groups, with
older participants reacting less strongly to the treatment. Chapter 10 shows
how to explore these kinds of contrasts more formally; it shows how to design
and interpret tests of treatment effect heterogeneity, using interactions and
polynomials.

6.7 Summary

This chapter defined a “counterfactual comparison” as a function of two or
more model-based predictions made with different predictor values. These
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Table 6.2: Main arguments of the comparisons(), avg_comparisons (), and
plot_comparisons() functions.

Argument

model Fitted model used to make counterfactual comparisons.

variables  Focal predictor whose association with or effect on the out-
come we are interested in.

newdata Grid of predictor values.

comparison How the counterfactual predictions are compared: difference,
ratio, lift, etc.

vcov Standard errors: classical, robust, clustered, etc.

conf_level

Size of the confidence intervals.

type Type of predictions to compare: response, link, etc.

cross Estimate the effect of changing multiple variables at once
(cross-contrast).

by Grouping variable for average predictions.

wts Weights used to compute average comparisons.

transform  Post-hoc transformations.

hypothesis Compare different comparisons to one another, conduct linear
or non-linear hypothesis tests, or specify null hypotheses.

equivalence Equivalence tests

af Degrees of freedom for hypothesis tests.

numderiv Algorithm used to compute numerical derivatives.

Additional arguments are passed to the predict () method
supplied by the modeling package.

comparisons measure the strength of association between variables or, if
appropriate identification assumptions are met, they quantify causal effects.

The comparisons() function from the marginaleffects package com-
putes counterfactual comparisons for a wide range of models, and
avg_comparisons() aggregates them across units or groups. Analysts can
visualize these comparisons with the plot_comparisons() function or stan-
dard visualization tools like ggplot2.

To define, compute, and interpret counterfactual comparisons, analysts must
make five decisions.
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First, the Quantity:

e  Counterfactual comparisons are defined along two dimensions.

—  What change in focal predictor are we interested in? For exam-
ple, do we want to estimate the effect of changing X from 0 to
1, of an increase of 1 unit or one standard deviation, or a change
between two specific values. The change of focal predictor is
specified by the variables argument.

—  What function do we use to compare counterfactual predic-
tions? Two counterfactual predictions can be compared by a
difference, ratio, lift, and many other functions. These com-
parisons are specified using the comparison argument in the
comparisons () function.

Second, the Predictors:

¢  Counterfactual comparisons are conditional quantities. They usually
depend on the values of all predictors in a model.

e Analysts can evaluate comparisons for different predictor grids,
including empirical, balanced, interesting, or counterfactual grids,
defined by the newdata argument and the datagrid() function.

Third, the Aggregation:

e Analysts can report unit-level or aggregated counterfactual compar-
isons:
—  Unit-level comparisons: Specific to each observation.
—  Aggregated comparisons: Average effects or associations
across the population or subgroups, computed with
avg_comparisons () and the by argument.

Fourth, the Uncertainty:

e The uncertainty around counterfactual comparisons can be estimated
using classical or robust standard errors, bootstrap, or simulation-
based inference.

e Standard errors and confidence intervals are handled by the vcov
and conf_level arguments, or via the inferences() function.

Fifth, the Test:

e  Hypothesis tests can check if counterfactual comparisons differ sig-
nificantly from a null value or from one another. This is implemented
with the hypothesis argument.

o  Equivalence tests can establish whether comparisons are practically
equivalent to a reference value using the equivalence argument.
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Slopes

A slope measures how the predicted value of the outcome Y responds to changes
in a focal predictor X, when we hold other covariates at fixed values. It is
often the main quantity of interest in an empirical analysis, when a researcher
wants to estimate an effect or the strength of association between two variables.
Slopes belong to the same toolbox as the counterfactual comparisons explored
in Chapter 6. Both quantities help us answer a counterfactual query: What
would happen to a predicted outcome if one of the predictors were slightly
different?

One challenge in understanding slopes is that they are formally defined in
the language of calculus. This chapter does not dive deep into theory. It
focuses on intuition, eschews most technical details, and provides graphical
examples to make abstract ideas more tangible. Nevertheless, readers who are
not comfortable with the basics of multivariable calculus may want to jump
ahead to the case studies in the next part of this book.

Beyond the technical barriers, another factor that hinders our understanding
of slopes is that the terminology used talk about them is woefully inconsistent.
In some fields, like economics or political science, slopes are called “marginal
effects,” where the word “marginal” refers to the effect of an infinitesimal
change in a focal predictor. In other disciplines, a slope may be called a “trend,”
“velocity,” or “partial effect.” Some analysts even use the term “slope” when
they write about the raw parameters of a regression model.

In this book, we use the expressions “slope” and “marginal effect” interchange-
ably to mean:

Partial derivative of the regression equation with respect to a predictor of
interest.

Consider a simple linear model with outcome Y and predictor X.

Y =0 +MX+e (7.1)

To find the slope of Y with respect to X, we take the partial derivative.

oY

37 = 51 (7~2)
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The slope of Equation 7.1 with respect to X is thus equivalent to 1, the only
coefficient in the equation. This identity explains why some analysts refer to
regression coefficients as slopes. It also gives us a clue for interpretation.

In simple linear models, a one-unit increase in X is associated with a 8y change
in Y, holding other modeled covariates constant. Likewise, we will often be
able to interpret the slope, g—};, as the effect of a one-unit change in X on the
predicted value of Y. This interpretation is useful as a first cut, but it comes
with caveats.

First, given that slopes are defined as derivatives, that is, in terms of an
infinitesimal change in X, they can only be constructed for continuous numeric
predictors. Analysts who are interested in the effect of a change in a categorical
predictor should turn to counterfactual comparisons.!

Second, the partial derivative measures the slope of Y’s tangent at a specific
point in the predictor space. Thus, the interpretation of a slope as the effect
of a one-unit change in X must be understood as an approximation, valid
in a small neighborhood of the predictors, for a small change in X. This
approximation may not be particularly good when the regression function is
non-linear, or when the scale of X is small.

Finally, the foregoing discussion implies that slopes are conditional quantities,
in the sense that they typically depend on the value of X, but also on the
values of all the other predictors in a model. Every row of a dataset or grid has
its own slope. In that respect, slopes are like the predictions and counterfactual
comparisons from chapters 5 and 6.

The rest of this chapter proceeds as before, by answering the five questions of
our conceptual framework: (1) quantity, (2) predictors, (3) aggregation, (4)
uncertainty, and (5) test.

7.1 Quantity

A slope characterizes the strength and the direction of association between
a predictor and an outcome, holding other covariates constant. To get an
intuitive feel for what this means in practice, it is useful to consider a few
graphical examples. In this section, we will see that the slope of a prediction
curve tells us how it behaves as we move from left to right along the x-axis,
that is, it tells us whether the curve is increasing, decreasing, or flat. This
information is useful to understand the relationships between variables of
interest in a regression model.

INote that the slopes() function from the marginaleffects package automatically
reverts to counterfactual comparisons if some of the predictors are categorical.
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7.1.1 Slopes of simple functions

The top row of Figure 7.1 shows three functions of X. The bottom row traces the
derivatives of each of those functions. By examining the values of derivatives at
any given point, we can determine precisely where the corresponding functions
are rising, falling, or flat.
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254 1.0
14
i 204 054
154
> -1 > > 0.0
; 10 4
54 -0.5
34
T T T T T 0 L T T T T T 71.0 T T T T T
-50 -25 0.0 25 5.0 -50 -25 0.0 2.5 5.0 -50 -25 0.0 25 5.0
X X X
Y s
oX
1.0
0.5
X b X
I =) <)
10 B R anca0as s e narsanE A Ras Canas =2 <2
> > >
o 12 12
-0.5
71V0 L T T T T T T T T T T
-50 -25 00 25 5.0 -50 -25 00 25 50
X X

Figure 7.1: Three functions and their derivatives.

First, consider the top left panel of Figure 7.1, which displays the function
Y = -1+ 0.5X, a straight line with a positive slope. As we move from left to
right, the line steadily rises. The effect of X is constant across the full range
of X values. For every one-unit increase in X, Y increases by 0.5 units. Since
the slope does not change, the derivative of this function is constant (bottom
left panel): g—}; = 0.5. This means that the association between X and Y is
always positive, and that the strength of association between X and Y is of

constant magnitude, regardless of the baseline value of X.

Now, consider the top middle panel of Figure 7.1, which displays the function
Y = X2, a symmetric parabola that opens upward. As we move from left to
right, the function initially decreases, until it reaches its minimum at X = 0.
In the left part of the plot, the relationship between X and Y is negative:
an increase in X is associated to a decrease in Y. When X reaches 0, the
curve becomes flat: the slope of its tangent line is zero. This means that
an infinitesimal change in X would have (essentially) no effect on Y. As X
continues to increase beyond zero, the function starts increasing, with a positive
slope. The de%ivative of this function captures this behavior. When X < 0, the
\4

derivative is §5 = 2X < 0, which indicates that the relationship between X

and Y is negative. When X = 0, the derivative is 2X = 0, which means that
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the association between X and Y is null. When the X > 0, the derivative is
positive, which implies that an increase in X is associated with an increase
in Y. In short, the sign and strength of the relationship between X and Y
are heterogeneous; they depend on the baseline value of X. This will be an
important insight to keep in mind for the case study in Chapter 10, where we
explore the use of interactions and polynomials to study heterogeneity and
non-linearity.

The third function in Figure 7.1, Y = cos(X), oscillates between positive and
negative values, forming a wave-like curve. Focusing on the first section of this
curve, we see that cos(X) decreases as we move from left to right, reaches a
minimum at —, and then increases until X = 0. The derivative plotted in the
bottom right panel captures this trajectory well. Indeed, whenever — sin(X) is
negative, we see that cos(X) points downward. When — sin(X) = 0, the cos(X)
curve is flat and reaches a minimum or a maximum. When — sin(X) > 0, the
cos(X) function points upward.

These three examples show that the derivative of a function precisely character-
izes both the strength and the direction of association between a predictor and
an outcome. It tells us, at any given point in the predictor space, if increasing
X should result in a decrease or an increase in Y.

7.1.2 Slope of a logistic function

Let us now consider a more realistic example, similar to the curves we are
likely to fit in an applied regression context.

Pr(Y =1)=g(p1 + f2X), (7.3)

where g is the logistic function, 5, is an intercept, 52 a regression coefficient,
and X is a numeric predictor. Imagine that the true parameters are 5; = —1
and 2 = 0.5. We can simulate a dataset with a million observations that
follow this data generating process.

library(marginaleffects)
library(patchwork)
set.seed(48103)

N = 1e6

X = rnorm(N, sd = 2)

p = plogis(-1 + 0.5 * X)
Y = rbinom(N, 1, p)

dat = data.frame(Y, X)

Now, we fit a logistic regression model with the glm() function and print the
coefficient estimates.
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mod = glm(Y ~ X, data = dat, family = binomial)
b = coef (mod)
b

(Intercept) X
-0.9981282 0.4993960

The estimated coefficients are very close to the true values we encoded in the
data-generating process.

To visualize the outcome function and its derivative, we use the
plot_predictions() and plot_slopes() functions. The latter is very similar
to the plot_comparisons () function introduced in Section 6.6. The variables
argument identifies the focal predictor with respect to which we are computing
the slope, and the condition argument specifies which variable should be
displayed on the x-axis. To display plots on top of one another, we use the /
operator supplied by the patchwork package.

p_function = plot_predictions(mod, condition = "X")
p_derivative = plot_slopes(mod, variables = "X", condition = "X")
p_function / p_derivative
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Figure 7.2: Logistic function and its derivative.

The key insight from Figure 7.2 is that the slope of the logistic function is
far from constant. Increasing X, moving from left to right on the graph, has
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a different effect on the estimated probability that Y = 1, depending on our
position on the horizontal axis. When the initial value of X is small (left
side of the figure), an increase in X results in a small change in Pr(Y = 1):
the prediction curve is relatively flat and the derivative is close to zero. At
intermediate values of X (middle of the figure), a change in X results in a
large increase in Pr(Y = 1): the outcome prediction curve is steep, and its
derivative is positive and large. When the initial value of X is large (right side
of the figure), a change in X does not change Pr(Y = 1) much: the outcome
curve is flat and the derivative small again. In sum, the slope characterizes the
strength of association between X and Y for different baseline values of the
predictors.

To estimate the slope, we can proceed analytically, using the chain rule of
differentiation. Taking the derivative of Equation 7.3 with respect to X gives
us

OPr(Y =1)

ox = B2 g (B1+ B2X), (7.4)

where ¢’ is the logistic density function or the derivative of g.2 To obtain
an estimate of the slope, we simply plug-in our coefficient estimates into
Equation 7.4. Importantly, whenever we evaluate a slope, we must explicitly
state the baseline values of the predictors of interest. The slope of Y with
respect to X will be different when X takes on different values. For example,

the estimated % for X € {-5,0,10} are

data.frame(
"dY/dX|X=-5" = b[2] * dlogis(b[1] + b[2] * -5),
"dY/dX|X=0" = b[2] * dlogis(b[1] + b[2] * 0),
"dY/dX|X=10" = b[2] * dlogis(b[1] + b[2] * 10)
)

dY/dX|X=-5 dY/dX|X=0 dY/dX|X=10
0.0142749 0.09827211 0.008856198

Alternatively, we could compute the same estimates with the slopes() func-
tion from marginaleffects. slopes() is very similar to the comparisons ()
function introduced in Chapter 6. The variables argument specifies the focal
predictor, and newdata specifies the values of the other predictors at which
we want to evaluate the slope.

slopes(mod,
variables = "X",
newdata = datagrid(X = c(-5, 0, 10)))

2The logistic density is a relatively complex function, but thankfully it is implemented in
R via the dlogis() function.
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X  Estimate Std. Error z Pr(>lz]) 2.5 % 97.5 %
-5 0.01427 7.24e-05 197.0 <0.001 0.01413 0.01442
0 0.09827 2.61e-04 376.6  <0.001 0.09776  0.09878
10 0.00886 8.98e-05 98.6  <0.001 0.00868  0.00903

The numeric estimates obtained for this contrived example are extremely similar
to those we computed analytically, which is expected. In the rest of this chapter,
we will explore how to use slopes() and its siblings avg_slopes() and
plot_slopes(), to estimate and visualize a variety of slope-related quantities
of interest.

For illustration, we will look at a variation on a model considered in previous
chapters, using data from Thornton (2008). As before, the dependent variable
is a dummy variable called outcome, equal to 1 if a study participant sought to
learn their HIV status at a test center, and 0 otherwise. Since we are studying
partial derivatives, the focal predictor must be a continuous numeric variable.
Here, we choose distance, a measure the distance between the participant’s
residence and the test center. Our model also includes incentive, a binary
variable which we treat as a control.

The model we specify includes multiplicative interactions between incentive,
distance, and its square. These interactions give the model a bit more flex-
ibility to detect non-linear patterns in the data, but their real purpose is
pedagogical: they show that the post-estimation workflow introduced in pre-
vious chapters can be applied in straightforward fashion to more complex
models. Once again, we will ignore individual parameter estimates, and focus
on quantities of interest with more intuitive substantive meanings.

dat = get_dataset("thornton")
mod = glm(outcome ~ incentive * distance * I(distance”2),
data = dat, family = binomial)

summary (mod)
Coefficients:

Estimate Std. Error z value Pr(>|zl)
(Intercept) 0.42793 0.38264 1.118 0.2634
incentive 1.79455 0.47386 3.787 <0.001
distance -1.48974 0.63658 -2.340 0.0193
I(distance™2) 0.56304 0.29767 1.891 0.0586
incentive:distance 0.49785 0.76074 0.654 0.5128
incentive:I(distance™2) -0.25193 0.34657 -0.727  0.4673
distance:I(distance”2) -0.06694 0.03981 -1.682 0.0926
incentive:distance:I(distance™2) 0.03426 0.04544 0.754 0.4509
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7.2 Predictors
Slopes can help us answer questions such as:

How does the predicted outcome Y change when the focal variable X in-
creases by a small amount and the adjustment variables Z1, Zs, ..., Z, are
held at specific values?

Answering questions like this requires us to select both the focal variable and
the values of the adjustment variables where we want to evaluate the slope.

7.2.1 Focal variable

The focal variable is the predictor of interest. It is the variable whose association
with (or effect on) Y we wish to estimate. The focal variable is the predictor
Y

in the denominator of the partial derivative notation 5=

The slopes() function accepts a variables argument, which serves to spec-
ify a focal predictor. For example, the following code estimates the partial
derivative of the outcome equation encoded in the mod object, with respect to
the distance focal predictor.

slopes(mod, variables = "distance")

7.2.2 Adjustment variables

Slopes are conditional quantities, in the sense that they typically depend on the
values of all the variables on the right-hand side of a regression equation. Thus,
every predictor profile—or combination of predictor values—will be associated
with its own slope. Every row in a grid will have its own slope. Section 3.2
described different grids of predictor values, that is, different combinations of
unit characteristics that could be of interest.

One common type of grid is the “interesting” or “user-specified” grid, which
collects combinations of predictor values that hold particular scientific or
domain-specific interest. For example, imagine that we are specifically interested
in measuring the association between distance and outcome for an individual
who is part of the treatment group (incentive is 1) and who lives at a distance
of 1 from the test center. We can use the datagrid () helper function to specify
a grid of interesting predictor values, and then pass that grid to the newdata
argument of the slopes() function. The function will then return a “slope at
user-specified values” or “marginal effect at interesting values.”
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library(marginaleffects)
slopes (mod,
variables = "distance",
newdata = datagrid(incentive = 1, distance = 1))

incentive  distance Estimate Std. Error z Pr(>z]) 25% 975 %
1 1 —0.0694  0.021 —-3.3 <0.001 —0.111  —0.0282

Our model suggests that for an individual with baseline characteristics
incentive=1 and distance=1, a one-unit increase in distance is associated
with a decrease of about 6.9 percentage points in the probability that a study
participant will seek to learn their HIV status. This interpretation is authorized
by the fact that the printed estimate corresponds to the slope of the tangent
of the outcome curve at the specified point in the predictor space. But it is
important to remember that this interpretation is a linear approximation, only
valid for small changes in the focal predictor.

Instead of manually specifying the baseline values of all predictors, we can set
newdata="mean" to compute a “marginal effect at the mean” or a “marginal
effect at representative values.” This is the slope of the regression equation
with respect to the focal predictor, for an individual whose characteristics are
exactly average (or modal) on all predictors.

slopes(mod, variables = "distance", newdata = "mean")
Estimate Std. Error z Pr(>lz]) 25 % 97.5 %
—0.024 0.0135 —1.78 0.0758 —0.0505 0.0025

As noted in previous chapters, computing estimates at the mean is computa-
tionally efficient, but it may not be particularly informative when the perfectly
average individual is not realistic or substantively interesting. The choice of
reporting a slope at the mean may seem innocuous, but it is not. In fact, our
slope at the mean is quite different from the slope that we computed above for
specified values of the covariates: —0.024 vs. —0.069, or about a third of the
size. This emphasizes the crucial importance of grid definition.

Finally, instead of computing slopes for just a few profiles, we can get them
for every observation in the original sample. These “unit-level marginal effects”
or “partial effects” are the default output of the slopes() function.

slopes(mod, variables = "distance")
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Estimate Std. Error  z Pr(>lz]) 25% 97.5 %
—0.23004 0.0915 —2.5141 0.01193  —0.4094 —0.0507
—0.16236  0.0598 —2.7140 0.00665  —0.2796 —0.0451
0.00663 0.0291 0.2280 0.81962  —0.0503 0.0636
0.00895 0.0326 0.2743 0.78389  —0.0550 0.0729
—0.06896 0.0278 —2.4821 0.01306  —0.1234 —0.0145

2815 rows omitted
—0.05763 0.0165 —3.4881 < 0.001  —0.0900 —0.0252
—0.07078  0.0216 —3.2793 0.00104 —0.1131 —0.0285
—0.05771 0.0166 —3.4864 < 0.001 —0.0902 —0.0253
—0.04587 0.0132 —3.4627 < 0.001  —-0.0718 —0.0199
—0.00147 0.0160 —0.0921 0.92662 —0.0328 0.0299

7.3 Aggregation

A dataset with one marginal effect estimate per unit of observation is a
bit unwieldy and difficult to interpret. Instead of presenting a large set of
estimates, many analysts prefer to report the “average marginal effect” (or
“average slope”), that is, the average of all the unit-level estimates. The average
slope can be obtained in two steps, by computing unit-level estimates and
then their average. However, it is more convenient to call the avg_slopes()
function.

avg_slopes(mod, variables = "distance")
Estimate Std. Error z Pr(>z]) 25 % 97.5 %
—0.0516  0.00919 —5.61 <0.001 —0.0696 —0.0335

Note that there is a nuanced distinction to be drawn between the “marginal
effect at the mean” shown in the previous section, and the “average marginal
effect” presented here. The former is calculated based on a single individual
whose characteristics are exactly average or modal in every dimension. The
latter is calculated by taking the average of slopes for all the observed data
points in the dataset used to fit a model. These two options will not always
be equivalent; they can yield numerically and substantively different results.
In general, the marginal effect at the mean might be useful when there are
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computational constraints. The average marginal effect will be useful when the
dataset adequately represents the distribution of predictors in the population, in
which case marginalizing across the distribution can give us a good one-number
summary.

Sometimes, the average slope ignores important patterns in the data. For
instance, we can imagine that distance has a different effect on outcome
for individuals who receive a monetary incentive and for those who do not.
To explore this kind of heterogeneity in the association between independent
and dependent variables, we can use the by argument. This will compute
“conditional average marginal effects,” or average slopes by subgroup.

The following results, for instance, show the average slope (strength of asso-
ciation) between distance and the probability that a study participant will
travel to the clinic to learn their test result.

avg_slopes(mod, variables = "distance", by = "incentive")
incentive Estimate Std. Error z Pr(>|z|) 25 % 97.5 %
0 —0.0818  0.02464 -3.32 <0.001 —0.1301  —0.0335
1 —0.0430  0.00952 —4.52  <0.001 —0.0617 —0.0244

Indeed, it seems that distance discourages travel to the clinic for individuals
in both groups, but that the strength of the negative association between
distance and outcome is stronger when incentive=0. In Section 7.5, we will
formally test if the difference between these estimates is statistically significant.

7.4 Uncertainty

As with all other quantities estimated thus far, we can compute estimates of
uncertainty around slopes using various strategies: Classical or robust standard
errors, bootstrapping, simulation-based inference, etc. To do this, we use the
vcov and conf_level arguments, or the inferences () function. Here are two
simple examples: the first command clusters standard errors by village, while
the second applies a non-parametric bootstrap.

avg_slopes(mod, variables = "distance", vcov = ~village)

Estimate Std. Error  z Pr(>z]) 25 % 97.5 %
—0.0516  0.0112 —4.61 <0.001 —0.0734 —0.0297
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avg_slopes(mod, variables = "distance") |> inferences(method = "boot")

Estimate 2.5 % 97.5 %
—0.0516 —0.0676 —0.0339

The estimates are the same, but the confidence intervals differ, depending on
the uncertainty quantification strategy.

7.5 Test

Chapter 4 explained how to conduct complex null hypothesis tests on any
quantity estimated by the marginaleffects package. The approach introduced
in that chapter is applicable to slopes, as it was to model coeflicients, predictions,
and counterfactual comparisons.

Recall the example from Section 7.3, where we computed the average slopes of
outcome with respect to distance, for each incentive subgroup.

avg_slopes (mod,

variables = "distance",

by = "incentive")

incentive Estimate Std. Error z Pr(>|z[) 25 % 97.5 %
0 —0.0818  0.02464 —-3.32 <0.001 —0.1301  —0.0335
1 —0.0430  0.00952 —4.52  <0.001 —0.0617 —0.0244

At first glance, these two estimates appear different. It seems that distance is
more discouraging to people who do not receive an incentive. One might thus
infer that money can mitigate the barrier posed by distance.

To ensure that this observation is not simply the product of sampling variation,
we must formally check if the two estimates in the table are statistically
distinguishable. To do this, we execute the same command as before, but add
a hypothesis argument with an equation-like string. That equation specifies
our null hypothesis: there is no difference between the first estimate (b1) and
the second (b2).
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avg_slopes(mod,
variables = "distance",
by = "incentive",
hypothesis = "bl - b2 = 0")

Hypothesis Estimate Std. Error z Pr(>lz|) 25 % 97.5 %
b1-b2=0 —0.0388  0.0264 —1.47 0.142 —0.0905 0.013

The difference between our two estimates is about —0.039, which suggests that
the slope is flatter in the group with incentive. In other words, the association
between distance and outcome is weaker when incentive=1 than when
incentive=0. However, this difference is not statistically significant (p=0.142).
Therefore, we cannot reject the null hypothesis of homogeneity in the effect
of distance on the predicted probability that participants will seek their test
results.

7.6 Visualization

When interpreting the results obtained by fitting a model, it is important to
keep in mind the distinction between predictions and slopes. Predictions give
us the level of an expected outcome, for given values of the predictors. Slopes
capture how the expected outcome changes in response to a change in a focal
variable, while holding adjustment variables constant. Figure 7.3 illustrates
these concepts in two panels.

The top panel shows model-based predictions for the outcome variable at
different values of distance, while holding other predictors at their mean or
mode. As we move from left to right along the x-axis, as distance from the
test center increases, the predicted probability of outcome=1 declines, flattens,
and then declines again.

This pattern is mirrored in the bottom panel of Figure 7.3, which shows the
slope of predicted outcome with respect to distance, holding adjustment
variables at their mean or mode. For most values of distance, the slope is
negative, which means that distance has a negative effect on the predicted
probability that outcome equals 1. When distance is around 3 or 4, the
association between distance and outcome is flat or null. At that point, small
increases in distance no longer have much of an effect on predicted outcome.
When the slope is below zero (dotted line), the prediction curve in the top
panel goes down. When the slope is at zero, the prediction curve is flat.
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To draw the two plots in Figure 7.3, we call the plot_predictions() and
plot_slopes() functions, and combine the outputs in a single figure using
the / operator from the patchwork package.

library(ggplot2)
library(patchwork)

pl = plot_predictions(mod, condition = "distance") +
labs(y = "Predicted Pr(Outcome=1)")

p2 = plot_slopes(mod, variables = "distance", condition = "distance") +
geom_hline(yintercept = 0, linetype = "dotted") +
labs(y = "dY/dX")

pl / p2
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Figure 7.3: Model-based predictions (top) and slopes (bottom).

plot_slopes() can display several slopes based on multiple conditions. For
example, we can show how the association between distance and outcome
varies based on incentive and distance.

plot_slopes(mod,
variables = "distance",
condition = c("distance", "incentive"))
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We can also compute marginal slopes, that is, the average of individual-level
slopes by subgroup. To do this, we use the by argument. The next plot
shows the same results we explored in Section 7.5. The negative association
between distance and outcome seems weaker when incentive=1 than when
incentive=0, but the confidence intervals are wide, so we cannot reject the
null hypothesis that the two average slopes are equal.

plot_slopes(mod,
variables = "distance",
by = "incentive")
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7.7 Summary

This chapter defined a “slope” as the partial derivative of the regression
equation with respect to a predictor of interest. It is a measure of association
between two variables, or of the effect of one variable on another, holding other
predictors constant.
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Table 7.1: Main arguments of the slopes(), avg_slopes(), and
plot_slopes() functions.

Argument

model Fitted model used to make counterfactual slopes.

variables  Focal predictor whose association with or effect on the out-
come we are interested in.

newdata Grid of predictor values.
slope Choice between derivative or (semi-)elasticity.
vcov Standard errors: Classical, robust, clustered, etc.

conf_level Size of the confidence intervals.

type Type of predictions to compare: response, link, etc.
by Grouping variable for average predictions.
wts Weights used to compute average slopes.

hypothesis Compare different slopes to one another, conduct linear or
non-linear hypothesis tests, or specify null hypotheses.

equivalence Equivalence tests
af Degrees of freedom for hypothesis tests.
numderiv Algorithm used to compute numerical derivatives.

Additional arguments are passed to the predict () method
supplied by the modeling package.

The slopes() function from the marginaleffects package computes slopes
for a wide range of models. avg_slopes() aggregates slopes across units or
groups. plot_slopes() displays slopes visually.

To clearly define slopes and attendant tests, analysts must make five decisions.

First, the Quantity.

e A slope is always computed with respect to a focal predictor, whose
effect on (or association with) the outcome we wish to estimate. In
marginaleffects functions, the focal variable is specified using the
variables argument.

e A slope can roughly be interpreted as the effect of a one-unit change
in the focal predictor on the predicted outcome. However, this
interpretation is a linear approximation, valid only in a small neigh-
borhood of the predictors.
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Second, the Predictors.

e Slopes are conditional quantities, meaning that they will typically
vary based on the values of all predictors in a model. Every row of
a dataset has its own slope.

e Analysts can compute slopes for different combinations of predictor
values—or grids: empirical, interesting, representative, balanced, or
counterfactual.

e The predictor grid is defined by the newdata argument and the
datagrid() function.

Third, the Aggregation.

o To simplify the presentation of results, analysts can report average
slopes. Different aggregation schemes are available:
—  Unit-level slopes (no aggregation)
—  Average slopes
—  Average slopes by subgroup
—  Weighted average of slopes

o Slopes can be aggregated using the avg_slopes() function and the
by argument.

Fourth, the Uncertainty.

e Inmarginaleffects, the vcov argument allows analysts to report
classical, robust, or clustered standard errors for slopes.

e The inferences() function can compute uncertainty intervals via
bootstrapping or simulation-based inference.

Fifth, the Test.

e A null hypothesis test evaluates whether a slope (or a function of
slopes) is significantly different from a null value. For example, we
may use a null hypothesis test to check if treatment effects are equal
in subgroups of the sample. Null hypothesis tests are conducted
using the hypothesis argument.

e An equivalence test evaluates whether a slope (or a function of slopes)
is similar to a reference value. Equivalence tests are conducted using
the equivalence argument.
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8

Causal inference with
G-computation

Randomized experiments are often considered the gold standard research
design for causal inference. Assigning individuals to different treatments at
random ensures that, on average and under ideal conditions, the groups we
compare have similar background characteristics. This overall similarity gives
us more confidence that any differences to emerge between groups are caused
by the treatments of interest. Randomized experiments are powerful tools but,
unfortunately, they are often impractical or unethical. In such cases, we must
turn to observational data.

Drawing causal inference from observational data can be difficult. Often, factors
beyond the analyst’s control influence both the exposure to treatment and
the outcome of interest. Such confounding variables can introduce bias in our
estimates of the treatment effect.

Imagine a study designed to assess the effect of daily vitamin D supplementation
on bone density. If an analyst finds that individuals taking vitamin D have
higher bone density, they may be tempted to conclude that supplementation
directly enhances bone health. However, people who choose to take vitamin D
might also be more health-conscious and engage in other bone-strengthening
activities, such as exercising or eating calcium-rich foods. These confounding
factors can obscure the true causal effect. They can introduce bias in the
analyst’s estimates.

G-computation! is a method developed to draw causal inference from observa-
tional data. The idea is simple. First, we fit a statistical model which controls
for confounders. Then, we use the fitted model to “predict” or “impute” what
would happen to an individual under alternative treatment scenarios. Finally,
we compare counterfactual predictions to derive an estimate of the treatment
effect (Herndn and Robins, 2020).

As we will see below, G-computation estimates are equivalent to the counterfac-
tual predictions and comparisons discussed in Chapters 5 and 6. They are also

IThe estimation procedure described in this chapter is sometimes referred to as the
“Parametric G-Formula.”
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closely related to the estimates we can obtain by Inverse Probability Weighting
(IPW), another popular causal inference tool. IPW and G-computation impose
similar identification assumptions, with one key difference: the former models
the process that determines who gets treated, whereas the latter models the
outcome variable.?

The next section introduces some key estimands that analysts can target via
G-computation: the average treatment effect (ATE), average treatment effect
on the treated (ATT), and average treatment effect on the untreated (ATU).
Subsequent sections present the estimation procedure as a sequence of three
steps: model, impute, and compare.

8.1 Treatment effects: ATE, ATT, ATU

Our goal is to estimate the effect of a treatment D on an outcome Y. To
express this effect as a formal estimand, and to understand the assumptions
required to target that estimand, we need to introduce a bit of notation from
the potential outcomes tradition of causal inference.?

The first term we need to define represents the value of the treatment, or
explanatory variable. When D; = 1, the individual 7 is assigned to the treatment
group. When D; = 0, ¢ is part of the control group.

The second term represents the outcome variable. Here, it is essential to draw
a distinction between the actual value of the outcome, and its potential values.
The actual outcome is what we observe for individual ¢ in our dataset: Y;. In
contrast, the potential outcomes are written with superscripts: ¥;° and Y;!.
They represent the outcomes that would occur in counterfactual worlds where
i receives different treatments. Y2 is the value of the outcome in a hypothetical
world where i belongs to the control group. Y;! is the value of the outcome in
a hypothetical world where ¢ belongs to the treatment group. Crucially, only
one potential outcome can ever be observed at any given time, for any given
individual. Since i cannot be part of both the treatment and control groups
simultaneously, we can never measure the values of both Y;! and Y,°. We can
only measure the potential outcome that corresponds to the treatment actually
assigned to individual 7.

2G-computation and IPW can be combined to create a “doubly-robust” estimator with
useful properties. A comprehensive presentation of IPW and doubly-robust estimation lies
outside the scope of this book. Interested readers can refer to the marginaleffects.com website
for tutorials, and to Chatton and Rohrer (2024) for intuition and comparisons.

3For a brief discussion, see Section 2.1.3. For more detailed presentations, see Imbens
and Rubin (2015), Morgan and Winship (2015), Ding (2024).
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The ambitious analyst would love to estimate the Individual Treatment Effect
(ITE), defined as the difference between outcomes for ¢ under different treatment
regimes: Y;' — Y%, Unfortunately, since we can only observe one of the two
potential outcomes, the ITE is impossible to compute. This is what some have
called the fundamental problem of causal inference.

To circumvent this problem, we turn away from individual-level estimands,
and consider three aggregated quantities of interest: ATE, ATT, and ATU.
These three quantities are related, but they invite different interpretations and
impose different assumptions (Greifer and Stuart, 2021).

8.1.1 Interpretation

Our three estimands are defined as follows:

ElY! -Y)| (ATE)
ElY; =Y |D; = 1] (ATT)
ElY; =Y |D; = 0] (ATU)

The ATE estimates the average effect of the treatment on the outcome in the
entire study population. The ATE helps us answer this question: Should a
program or treatment be implemented universally?

The ATT estimates the average effect of the treatment on the outcome in
the subset of study participants who actually received it. The ATT helps us
answer this question: Should a program or treatment be withheld from the
people currently receiving it?

The ATU estimates the average effect of the treatment on the subgroup of
participants who did not, in fact, get it. The ATU helps us answer this question:
Should a program or treatment be extended to those who did not initially
receive it?

8.1.2 Assumptions

Estimating the ATE, ATT, or ATU requires us to accept four assumptions,
with varying levels of stringency (Greifer and Stuart, 2021; Chatton and Rohrer,
2024).

First, conditional exchangeability or no unmeasured confounding. This as-
sumption states that potential outcomes must be independent of treatment
assignment, conditional on a set of control variables (Z;). More formally, we
can write Y, Y2 | D, | Z,.
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Imagine a person who considers entering a training program designed to
improve their likelihood of finding a job. If that person knows they will be
employed regardless of whether they receive training, then they are unlikely to
enroll in the program: if ;' = Y then D; = 0. Similarly, imagine a doctor
who recommends a certain medication only to the patients who are most likely
to benefit from it: if ¥;' > Y%, then D; = 1. In both cases, potential outcomes
are linked to the treatment assignment mechanism: D; [ V', Y,?. In both cases,
the conditional exchangeability assumption is violated, unless the analyst can
control for all relevant confounders.

When estimating the ATE, conditional exchangeability must hold across the
entire population. When estimating the ATT, however, this stringent assump-
tion can be relaxed somewhat. The intuition is straightforward: since the ATT
is computed solely based on units in the treatment group, we can observe
all instances of the Y;! potential outcomes. Thus, to estimate the ATT, we
only need to make assumptions about the unobserved Y;° potential outcomes;
we only need to adjust for confounders that link treatment assignment to
participants’ outcomes under the control condition. Analogously, estimating
the ATU only requires conditional exchangeability to hold in the treatment
condition.

Second, positivity. This assumption requires study participants to have a non-
zero probability of belonging to each treatment arm: 0 < P(D; =11 Z;) < 1.
In practice, this condition can be violated for a number of reasons, such as
when certain individuals fail to meet eligibility criteria to receive a certain
treatment, but are still part of the control group.

When we estimate the ATE, positivity must hold across the entire sample.
However, when we estimate the ATT, the positivity assumption can be relaxed
somewhat: P(D; = 1]Z;) < 1. This new condition means that no participant
can be certain to receive the treatment, but that some participants can be ruled
ineligible. Analogously, we can estimate the ATU by accepting a weaker form
of positivity, where every participant must have some chance to be treated:

Third, consistency.* This assumption requires the intervention to be well-
defined; there must be no ambiguity about what constitutes “treatment” and
“control.” For example, in a medical study, consistency may require that all
participants in the treatment group be administered the same drug, under the
same conditions, with the same dosage. In the context of a job training interven-
tion, consistency might require strict adherence to a specific program design,
with fixed hours of in-person teaching, number of assignments, internship
requirements, etc.

4Formally, if D; = 1 then Y; = Yil, and if D; = 0 then Y; = Yio. The consistency
and non-interference assumptions are often stated together under the label “Stable Unit
Treatment Value Assumption” or SUTVA.
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Fourth, non-interference. This final assumption says that potential outcomes
for one participant should not be affected by the treatment assignments of
other individuals. Assigning one person (or group) to a treatment regime
cannot lead to contagion or generate externalities for other participants in the
study.

When these four assumptions hold, we can estimate the effect of a treatment
via G-computation. The remainder of this section describes this estimation
strategy as a series of three steps: model, impute, and compare.

8.1.3 Model

To illustrate how to estimate the ATE, ATT, and ATU using G-computation,
let us consider this study by Imbens et al. (2001): Estimating the Effect of
Unearned Income on Labor Earnings, Savings, and Consumption: Evidence
from a Survey of Lottery Players. In that article, the authors conducted a
survey to estimate the effect of winning large lottery prizes on economic
behavior. They studied a range of outcomes for different subgroups of the
population. This chapter focuses on the effect of winning a big lottery prize on
labor earnings.

The treatment is a binary variable equal to one if an individual won a big lottery
prize, and zero otherwise (D). The outcome is the average labor earnings over
the subsequent six years (Y). Winning lottery numbers are chosen randomly,
but the probability that any given person wins a prize is not purely random: it
depends on how many tickets that person bought (L). Finally, we know that
socio-demographic characteristics (Z), like age, education, and employment
status, can influence both the number of tickets that a person buys and their
labor earnings. These causal relationships are illustrated in the graph below.

L—D—Y

L

Imbens et al. (2001) collected survey responses to measure the variables in this
graph. Their dataset includes a variety of information about 437 respondents,
including 194 who won small lottery prizes, and 43 who won big prizes. For
simplicity, we will only compare individuals who won a big prize to those who
won nothing at all.

library(marginaleffects)
dat = get_dataset("lottery")
dat = subset(dat, win_big == 1 | win == 0)

head(dat, n = 2)
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# A data frame: 2 x 26

age college education man prize tickets win win_big win_small work
* <dbl> <dbl> <dbl> <dbl> <dbl> <dbl> <dbl> <dbl> <dbl> <dbl>
1 76 0 12 0 0 2 0 0 0 0
2 59 1 16 1 0 2 0 0 0 1
# i 16 more variables: year <dbl>, earnings_pre_avg <dbl>,
# earnings_post_avg <dbl>, earnings_pre_1 <dbl>, earnings_pre_2 <dbl>,
# earnings_pre_3 <dbl>, earnings_pre_4 <dbl>, earnings_pre_5 <dbl>,
# earnings_pre_6 <dbl>, earnings_post_1 <dbl>, earnings_post_2 <dbl>,
# earnings_post_3 <dbl>, earnings_post_4 <dbl>, earnings_post_5 <dbl>,
# earnings_post_6 <dbl>, earnings_post_7 <dbl>

The first G-computation step is to define an outcome equation, that is, to
specify a parametric regression model for the dependent variable. The primary
goal of this regression model is to control for confounders, that is, to ensure
that we satisfy the conditional exchangeability assumption.

As noted above, the process that determines which lottery tickets are winning is
purely random, but the probability that any given individual wins depends on
the number of tickets they bought. This means that the treatment assignment
(D) is not completely independent from the potential outcomes (Y;!, V). To
satisfy the conditional exchangeability assumption,® our statistical model must
control for the number of tickets (L) that each survey respondents bought
and/or for all the Z covariates that link D to Y.

This regression model can be simple or flexible. It can be purely linear, or
include a non-linear link function, multiplicative interactions, polynomials, or
splines.® The model can satisfy the conditional exchangeability assumption
using a minimal set of control variables (L), or it can include more covariates
(Z) to improve precision.”

Here, we fit a linear regression where the treatment variable (win_big) is
interacted with the number of tickets bought (tickets) and a series of demo-
graphic characteristics, including gender, age, employment, and pre-lottery
labor earnings. To interact treatment and covariates, we insert a star * symbol
and parentheses in the regression formula.

mod = 1m(
earnings_post_avg ~ win_big * (
tickets + man + work + age + education + college + year +
earnings_pre_1 + earnings_pre_2 + earnings_pre_3),
data = dat)

summary (mod)

5Tn the Pearl (2009) tradition, we would say: “to satisfy the backdoor criterion.”
SChapter 10
"Section 9.1
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Estimate Std. Error t value Pr(>|tl)

(Intercept) 1302.25641 1099.91390 1.184 0.2374
win_big 1327.56843 2435.94389 0.545  0.5862
tickets 0.13340 0.31632 0.422 0.6736
man -0.85082 1.27346 -0.668  0.5046
work 3.24753 1.61780 2.007  0.0457
age -0.23762 0.05330 -4.459 <0.001
education -0.53448 0.53047 -1.008 0.3145
college 3.03770 2.08575 1.456  0.1464
year -0.64566 0.55434 -1.165  0.2451
earnings_pre_1 0.05247 0.16390 0.320 0.7491
earnings_pre_2 -0.04408 0.18013 -0.245 0.8069
earnings_pre_3 0.86314 0.10288 8.390 <0.001
win_big:tickets -0.17277 0.54143 -0.319 0.7499
win_big:man 1.51214 4.38811 0.345 0.7307
win_big:work -0.73710 5.23892 -0.141 0.8882
win_big:age 0.13777 0.14432 0.955  0.3406
win_big:education 0.61646 1.11628 0.552 0.5812
win_big:college 9.62742 5.50191 1.750 0.0812
win_big:year -0.67657 1.22789 -0.551  0.5821
win_big:earnings_pre_1  -0.23283 0.41698 -0.558 0.5770
win_big:earnings_pre_2  -0.26659 0.49941 -0.534 0.5939
win_big:earnings_pre_3 -0.12319 0.27092 -0.455 0.6497

8.1.4 Impute

The second G-computation step is to impute—or predict—the outcome for
each observed individual, under different hypothetical treatment regimes. To
do this, we create two identical copies of the dataset used to fit the model, and
we use the transform function to fix the win_big variable to counterfactual
values.

do
di

0)
1)

transform(dat, win_big
transform(dat, win_big

Using these two datasets, we predict the expected earnings_post_avg for
each participant under counterfactual treatment regimes.

predictions(mod, newdata = dO)
predictions(mod, newdata = d1)

pO
pl

To take stock of what we have done so far, we can inspect the original dataset,
and compare the predicted outcomes for an arbitrary survey respondent: the
person in the sixth row of our dataset. By subsetting the data frame, we see
that this person did not, in fact, win a big lottery prize.

dat[6, "win_big"]
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Using our fitted model, we predicted that this person’s average labor earnings—
without lottery winnings—would be:

pO[6, "estimate"]

[1] 31.91696

If this individual belonged to the treatment group instead (win_big=1), our
model would predict lower earnings:

pll6, "estimate"]

[1] 24.5759

Thus, our model expects that, for an individual with these socio-demographic
characteristics, winning the lottery is likely to decrease labor earnings. In the
next section, we compare these predicted outcomes more systematically, at the
aggregate level, to estimate the ATE, ATT, and ATU.

8.1.5 Compare

To estimate the treatment effect of win_big via G-computation, we aggregate
individual-level predictions from the two counterfactual worlds. We can do
this by extracting the vectors of estimates computed above and by calling the
mean () function.

The average predicted outcome in the control counterfactual is:
mean (pO$estimate)

[1] 17.42834

The average predicted outcome in the treatment counterfactual is:
mean(pl$estimate)

[1] 11.86662

A more convenient way to obtain the same quantities is to call the
avg_predictions() function from the marginaleffects package. As noted
in Chapter 5, using the variables argument computes predicted values on
a counterfactual grid, and the by argument marginalizes with respect to the
focal variable. The results are the same as those we calculated manually, but
they now come with standard errors and confidence intervals.

avg_predictions(mod,
variables = "win_big",
by = "win_big")
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win_big Estimate Std. Error =z Pr(>|z]) 25 % 97.5 %
0 17.4283 0.570124 30.56939 < 0.001  16.31092 18.5458
1 11.8666 2.278485 5.20812 < 0.001  7.40087 = 16.3324

The ATE is the difference between the two estimates printed above. We can
compute it by subtraction, or use the avg_comparisons() function.

cmp = avg_comparisons (mod,

variables = "win_big",

newdata = dat)
cmp

Estimate Std. Error z Pr(>|z]) 25% 97.5 %
—5.56172  2.34873 —2.36797 0.0178861 —10.1652 —0.958293

This is the G-computation estimate of the average treatment effect of win_big
on earnings_post_avg. On average, our model estimates that moving from
the loser to the winner group decreases the predicted outcome by 5.6.

To compute the ATT, we use the same approach as above, but restrict our
attention to the subset of individuals who were actually treated. We use
the subset() function to select rows of the original dataset with treated
individuals, and feed the resulting grid to the newdata argument.

avg_comparisons (mod,

variables = "win_big",

newdata = subset(win_big == 1))
Estimate Std. Error z Pr(>|z]) 25 % 97.5 %
—9.48789 1.82433 —5.20076 < 0.001 —13.0635 —5.91227

The ATU is computed analogously, by restricting our attention to the subset
of untreated individuals.

avg_comparisons(mod,

variables = "win_big",
newdata = subset(win_big == 0))
Estimate Std. Error =z Pr(>|z[) 25% 97.5 %

—4.90989  2.59002 —1.8957 0.0580003 —9.98624 0.166455
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It is interesting to notice that the three quantities of interest are quite different
from one another. Indeed, the fact that the ATT is larger than the ATU
suggests an asymmetry. Our model expects a strong decrease in earnings after
winning a prize for people who are more likely to win (i.e., people who buy a
lot of tickets). In contrast, our model expects a smaller decrease in earnings
after winning a prize for people who are less likely to win (i.e., people who
buy fewer tickets). This finding underscores the importance of clearly defining
one’s estimand before estimating and interpreting statistical models.®

Note that subtle issues arise when computing standard errors for G-computation
estimates. In particular, standard errors calculated by assuming that covari-
ates are fixed rather than sampled may not always have adequate coverage
in the target population (Ding et al., 2023, ch.9). Many applied researchers
have thus turned to the bootstrap as a simple strategy to quantify uncer-
tainty around causal estimates (e.g., via the inferences() function from the
marginaleffects package). Researchers have proposed analytic expressions
for the unconditional variance (Ye et al., 2023; Hansen and Overgaard, 2024;
Magirr et al., 2024). Interested readers can visit the marginaleffects.com website
for a discussion of alternatives and implementation details.

8.2 Conditional treatment effects: CATE

The conditional average treatment effect (CATE) is an estimand that can be
used to characterize how the effect of a treatment varies across subgroups.
Unlike the ATE, which provides an overall average, the CATE allows us to
see if certain individuals respond differently, depending on their individual
characteristics. Formally, the CATE of D; is written

By - Y| X; =1,

where Y;! is the potential outcome when the treatment D; = 1, and Y is
the potential outcome when the treatment D; = 0. The X; = z after the
vertical bar indicates that the average treatment effect is estimated separately
for specific values of the covariate X;, rather than averaged across the entire
distribution of covariates. The conditioning variable X; could represent discrete
variables such as education or employment status.

To illustrate, let us estimate the effect of winning a big lottery prize on labor
earnings, conditioning on employment status.

avg_comparisons(mod, variables = "win_big", by = "work")

8Section 2.2
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work Estimate Std. Error 7 Pr(>|z|) 2.5 % 97.5 %
0 —0.0708498  4.86727 —0.0145564 0.98838611 —9.61053  9.46883
1 —7.0973073  2.40030 —2.9568404 0.00310809 —11.80181 —2.39280

For individuals who were initially unemployed (work=0), the estimated average
effect of winning a big lottery prize on labor earnings is —0.07 which is close
to zero and not statistically significant. In contrast, for individuals who were
employed (work=1), the estimated effect is -7.1, meaning that winning a big
lottery prize significantly reduces labor earnings. These results highlight that
the effect of a financial windfall is not uniform. While unemployed individuals
do not adjust their earnings, those who were previously employed substantially
reduce their labor income, likely by working fewer hours or leaving the labor
force altogether. This pattern aligns with economic theories suggesting that
an unexpected increase in wealth can reduce the incentive to work, but mostly
for those with an existing attachment to the labor market.

It is useful to note that CATEs can also be estimated with additional condi-
tioning variables. All we would have to do is add more categorical variables to
the by argument of the avg_comparisons() function. Doing this would paint
a more fine-grained portrait, but also reduce the number of observations (and
information) available in each subgroup.

In conclusion, G-computation provides a useful framework for estimating
causal effects from observational data, allowing researchers to draw meaningful
inferences even in the absence of randomized experiments. By modeling, imput-
ing, and comparing potential outcomes, we can target estimands such as the
ATE, ATT, ATU, and CATE, while accounting for confounding variables. This
chapter has demonstrated the application of G-computation using a lottery
study, highlighting its utility in real-world scenarios.
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Experiments

The analysis of experiments is a common use case for the marginaleffects
package, which provides researchers with a powerful toolkit for estimating
treatment effects, interpreting interactions, and visualizing results across ex-
perimental conditions. To illustrate these benefits, this chapter discusses two
common applications: covariate adjustment, and the interpretation of results
from a 2-by-2 factorial experiment. The marginaleffects.com website hosts
more tutorials to guide the analysis and interpretation of a variety of other
experimental designs.

9.1 Regression adjustment

The first application that we consider is a simple two-arm experiment, where
participants are randomly assigned to a treatment or a control group. Our
goal is to estimate the average treatment effect, while adjusting for covariates.
As in previous chapters, we use data from Thornton (2008). The outcome
is a binary variable that records if individuals traveled to the clinic to learn
their HIV status. The treatment is a financial incentive, randomly given to
participants, with the goal of encouraging testing.

Since the incentive treatment was randomized, we can estimate the average
treatment effect (ATE) easily via linear regression on the binary outcome. This
is the so-called linear probability model (LPM).

library(marginaleffects)

dat = get_dataset("thornton")

mod = Im(outcome ~ incentive, data = dat)
coef (mod)

(Intercept)  incentive
0.3397746  0.4510603

As demonstrated in previous chapters, the marginaleffects package im-
plements post-estimation transformations that are essentially agnostic with
respect to the choice of model. Hence, the workflow described below would
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remain unchanged if the analyst chose to fit a GLM (or other) model instead
of this LPM.

The coefficient associated to the incentive variable shows the difference
in the predicted probability of seeking one’s test result, between those who
received the incentive and those who did not. This result is identical to what
we would obtain via G-computation, using the avg_comparisons () function.!
One benefit of using this function instead of looking at individual coefficients, is
that the vcov argument allows us to easily report heteroskedasticity-consistent,
robust, or clustered standard errors.?

avg_comparisons(mod, variables = "incentive", vcov = "HC2")

Estimate Std. Error  z Pr(>lz]) 25% 97.5%
0.451 0.0209 21.6 <0.001 0.41 0.492

When the treatment is randomized, it is not strictly necessary to adjust for
covariates in order to obtain an unbiased estimate of the average treatment
effect. However, including control variables in the regression model can improve
the precision of estimates, by reducing the unexplained variance in the outcome.
This is an attractive strategy, but it must be applied with care. Indeed, as
Freedman (2008) points out, naively inserting control variables in additive
fashion to our model equation has an important downside: it can introduce
small-sample bias and degrade asymptotic precision. To avoid this problem,
Lin (2013) recommends a simple solution: interacting all covariates with the
treatment indicator, and reporting heteroskedasticity-robust standard errors.

mod = lm(outcome ~ incentive * (age + distance + hiv2004), data = dat)

Interpreting the results of this model is not straightforward, since there are

multiple coefficients, with several multiplicative interactions.?
coef (mod)
(Intercept) incentive age distance
0.309537645 0.496482649 0.003495124 -0.042323583
hiv2004 incentive:age incentive:distance incentive:hiv2004
0.013562711 -0.002177778 0.014571883 -0.070766068
LChapter 8

2Section 14.1.3

3Lin (2013) recommends interacting the treatment indicator with de-meaned control
variables. By doing so, the linear regression coefficient of the treatment variable become
directly interpretable. Using the avg_comparisons() function is more convenient, because it
produces the same results without forcing us to de-mean control variables first. As Lin notes,
it may still be a good idea to report the unadjusted estimate, for transparency reasons, and
to avoid the temptation of specification-searching.
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Thankfully, we can simply call avg_comparisons() again to get the covariate-
adjusted estimate, along with robust standard errors.

avg_comparisons (mod,
variables = "incentive",
vcov = "HC2")

Estimate Std. Error z Pr(>|z]) 25% 975 %
0.449 0.0209 21.5 <0.001 0.408 0.49

This suggests that, on average, receiving a monetary incentive increases by
44.9 percentage points the probability of seeking one’s HIV test result.

9.2 Factorial experiments

A factorial experiment is a type of study design that allows researchers to assess
the effects of two or more randomized treatments simultaneously, with each
treatment having multiple levels or conditions. A common example is the 2-by-2
design, where two variables with two levels are randomized simultaneously and
independently. This setup enables the evaluator to quantify the effects of each
treatment, but also to examine if the treatments interact with one another.

In medicine, factorial experiments are widely used to explore complex phe-
nomena like drug interactions, where researchers test different combinations of
treatments to see how they affect patient outcomes. In plant physiology, they
could be used to see how combinations of temperature and humidity affect
photosynthesis. In a business context, a company could use a factorial design
to test if different advertising strategies and price points drive sales.

To illustrate, let’s consider a simple data set with 32 observations, a numeric
outcome Y, and two treatments with two levels: T, = {0,1} and T}, = {0, 1}.
We fit a linear regression model with each treatment entered individually, along
with their multiplicative interaction.*

library(marginaleffects)

dat = get_dataset("factorial_01")

mod = Im(Y ~ Ta + Tb + Ta:Tb, data = dat)
coef (mod)

(Intercept) Ta Tb Ta:Tb
15.050000 5.692857 4.700000 2.928571

4Chapter 10
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We can plot the model’s predictions for each combination of T, and T}, using
the plot_predictions function.

plot_predictions(mod, by = c("Ta", "Tb"))

304

factor(Th)
> ¢ 0

204 4

Ta

Now, imagine we want to estimate the effect of changing 7, from 0 to 1 on Y,
while holding T, = 0. We define two counterfactual values of Y and take their
difference.

V=p1+PBs To+fBs To+Ba Ty T
Vi, —o1—0 = P14+ P20+ P30+ 5400
YfT,,,:l,Tb:O 131 +Bg-1+33'0+ﬁ4-1~0
)/}Ta,zl,Tb:O - YTQ:O,TI,:O = Bz = 5.693

We can use a similar approach to estimate a cross-contrast, that is, the effect
of changing both T}, and T} from 0 to 1 simultaneously.

an:o,n:o 2/31 +Bz '0+[§3~0+/3’4-O~O
Y/Ta=1,Tb=1=B1 +32'1+53~1+B4-1-1
lA/Tazl,szl - Y/Tozl,Tb:o = By + B3 + s = 13.321

In a simple 2-by-2 experiment, this arithmetic is fairly simple. However, things
can quickly get complicated when more treatment conditions are introduced,
or when regression models include non-linear components. Moreover, even if
we can take sums of coefficients to get the estimates we care about, computing
standard errors (classical or robust) is non-trivial. Thus, it is convenient to
use software like marginaleffects to do the hard work for us.
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To estimate the effect of T, on Y, holding 7, = 0 constant, we use the
avg_comparisons () function. The variables argument specifies the treat-
ment of interest, and the newdata argument specifies the levels of the other
treatment(s) at which we want to evaluate the contrast. In this case, we use
newdata=subset (Tb == 0) to compute the quantity of interest only in the
subset of observations where T, = 0.

avg_comparisons (mod,
variables = "Ta",
newdata = subset(Tb == 0))

Estimate Std. Error z Pr(>lz|) 25% 975 %
5.69 1.65 3.45 <0.001 2.46 8.93

To estimate a cross-contrast, we specify each treatment of interest in the
variables argument, and set cross=TRUE. This gives the estimated effect of
simultaneously moving T, and 73 from 0 to 1.

avg_comparisons (mod,
variables = c("Ta", "Tb"),
cross = TRUE)

C: Ta C:Tb Estimate Std. Error z Pr(>lz]) 25% 975 %
1-0 1-0 133 1.65 8.07 <0.001 10.1 16.6

Figure 9.1 shows six contrasts of interest in a 2-by-2 experimental design. The
vertical axis shows the value of the outcome variable in each treatment group.
The horizontal axis shows the value of the first treatment 7,,. The shape of
points—0 or 1—represents the value of the T}, treatment. For example, the
“1” symbol in the top left shows the average value of Y in the T, = 0,7, =1
group.

In each panel, the arrow links two treatment groups that we want to
compare. For example, in the top-left panel we ‘compare YT —0,T,=0 tO
YT —1,1,=0. In the bottom-right panel, we compare YT —0,1,=1 tO Y Tu=1,T,=0-
The avg_comparisons() call at the top of each panel shows how to use
marginaleffects to compute the difference in Y that results from the illus-
trated change in treatment conditions.

One reason factorial experiments are so popular is that they allow researchers
to assess the possibility that treatments interact with one another. Indeed,
in some cases, the effect of a treatment T, will be stronger (or weaker) at
different values of treatment T5.
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avg_comparisons(mod,
variables = "Ta",
newdata = subset(Tb == 0))
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avg_comparisons(mod,
variables = "Th",
newdata = subset(Ta == 0))
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Figure 9.1: Six contrasts of interest in a 2-by-2 experimental design. The x-axis
shows values of the T, treatment and the 0/1 symbols on the plotting surface

indicate values of the T} treatment.
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To check this, let us estimate the effect of a change from 0 to 1 in 7, in the
subsets of observations with different values of Ty.

cmp <- avg_comparisons(mod, variables = "Ta", by = "Tb")
cmp

Tb Estimate Std. Error =z Pr(>z[) 25% 975 %
0 5.69 1.65 3.45 <0.001 2.46 8.93
1 8.62 1.93 4.46 <0.001 4.84 12.41

The estimated effect of T, on Y is equal to 5.69 when T}, = 0, but equal to
8.62 when T, = 1. At first glance, it thus seems that the effect of T, is stronger
when Tj, = 1.

Is the difference between estimated treatment effects statistically significant?
Does T, moderate the effect the effect of T, 7 Is there treatment heterogeneity
or interaction between T, and T,?7 To answer these questions, we use the
hypothesis argument and check if the difference between subgroup estimates
is significant.

avg_comparisons (mod,
variables = "Ta",
by = |lTb|l
hypothesis = "b2 - bl = 0")

Hypothesis  Estimate Std. Error z Pr(>|z]) 25% 975 %
b2-b1=0 2.93 2.54 1.15 0.249 —2.06 791

While there is a difference between our two estimates, the z statistic and p
value indicate that this difference is not statistically significant. Therefore, we
cannot reject the null hypothesis that the effect of T, is the same, regardless
of the value of Tj,.
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Interactions and polynomials

So far, the models that we have considered were relatively simple. In this
chapter, we apply the same workflow, framework, and software introduced in
Parts I and II of the book to interpret estimates from slightly more complex
specifications. Our goal is to address two related issues: heterogeneity and
flexibility.

We say that there is “heterogeneity” when the association between an inde-
pendent variable and a dependent variable varies across contexts, or based
on the characteristics of our objects of study. For instance, a new medical
treatment might significantly reduce blood pressure in younger adults, but
have a weaker effect on older ones. Or a marketing campaign may increase
sales in rural areas but not urban ones. Applied statisticians use different
expressions to describe such situations: heterogeneity, moderation, interaction,
effect modification, context-conditionality, or strata-specific effects. In this
chapter, we use these expressions interchangeably to describe situations where
the strength of association between two variables depends on a third: the
moderator.!

The second issue that this chapter tackles is flexibility. Many of the statistical
models that data analysts fit are relatively simple and rigid; they often rely
on linear approximations of the data generating process. Such approximations
may not be appropriate when the relationships of interest are complex or
non-linear.? In environmental science, for example, the relationship between
temperature and crop yield is often non-linear: as temperatures rise, crop
yields may initially increase due to optimal growing conditions, but eventually
decline as heat stress becomes detrimental.

IThe term “moderation” does not necessarily imply that the moderator M causes
the relationship between X and Y to change. For example, imagine that a public health
intervention is shown to have stronger effects in some specific cities. An organization with
limited resources may wish to deploy the intervention where it is most effective, even if the
organization does not understand exactly why the intervention is more effective in those
cities. To learn more about the difference between “treatment effect heterogeneity” and
“causal moderation analysis,” and about the more stringent assumptions required for the
latter, see Bansak (2021) and VanderWeele (2009).

2Two downsides of more flexible models are that they can sometimes reduce statistical
power or overfit the data.
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Complex relationships and heterogeneous effects are present in virtually all
empirical domains. This chapter shows that the conceptual framework and
software tools presented in earlier parts of this book can be applied in straight-
forward fashion to gain insights into complex phenomena. We will focus on two
modeling strategies to account for heterogeneity and increase the flexibility of
our models: multiplicative interactions and polynomials.

These two approaches do not exhaust the set of techniques that researchers
may want to deploy to study complex phenomena, but the same ideas and
workflows can be applied to interpret even more flexible models. Readers
who wish to go further in that direction can turn to Chapter 13 on Machine
Learning or visit marginaleffects.com for tutorials on Generalized Additive
Models, splines, and more.

10.1 Multiplicative interactions

We say that there is heterogeneity when the strength of the association between
an explanator X and an outcome Y varies based on the value of a moderator
M. The association between X and Y can be stronger, weaker, or completely
reversed for different values of M. Typically, M is a variable which measures
contextual elements, or features of the individuals, groups, or units under
observation.

One common strategy to study moderation is to fit a statistical model with
multiplicative interactions (Brambor et al., 2006; Kam and Franzese, Jr., 2009;
Clark and Golder, 2023). This involves creating a new composite variable
by multiplying the explanator (X) to the moderator (M). Then, we insert
the interacted variable as a predictor in the model, alongside its individual
components.® One popular specification for this type of moderation analysis is
a simple linear model with one interaction.

where Y is the outcome, X is the predictor of interest, and M is a contextual
variable which moderates the relationship between X and Y.

To characterize the association between X, M, and Y, we can plug the values
of these variables into Equation 10.1. When M = 0, moving from X = 0 to
X =1 is associated with an increase of 5 in predicted Y.

3In most cases, it is important to include all constitutive terms in addition to interactions.
For example, if a model includes a multiplication between three variables X - W - Z, one
would typically want to also include X - W, X - Z W - Z, X, W, and Z. See Clark and Golder
(2023) for details.
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Yxcim=0=p1+PB2-1+53-0+54-1-0+4¢
Yx—om=0=B1+P2-0+B3-0+54-0-0+¢

Yx—1,m=0 — Yx=0,m=0 = B2

In contrast, when M = 1, a change from X =0 to X =1 is associated with a
change of 5 + (4 in predicted Y.

Yxcime1 =1+ B2 14831+ B4-1-1+4¢
Yx—om=1=P1+PB2-0+03-14+04-0-1+¢
Yx—1,m=1 — Yx=0,m=1 = P2+ fa

The difference between these two results shows what we mean by heterogeneity,
moderation, or effect modification: the strength of association between a de-
pendent and an independent variable varies based on the value of a moderator.

The parameters in Equation 10.1 are fairly straightforward to grasp, and we
can interpret them using a little algebra. However, as soon as a model includes
non-linear components or more than one interaction, it quickly becomes very
difficult to interpret coeflicient estimates directly. This book has argued that
it is usually best to ignore raw coefficients, and to focus on more interpretable
quantities, like predictions, counterfactual comparisons, and slopes. We will
follow the same advice here.

When models include interactions, the presentation of results can depend on
the nature of X and M. In what follows, we consider different scenarios where
the predictor and moderator are categorical or numeric variables.

10.1.1 Categorical-by-categorical

The first case to consider is when the association between a categorical ex-
planator X and an outcome Y is moderated by a categorical variable M. For
example, this could occur if the effect of a drug (X) on patient recovery (Y)
varies across different age groups (M).

Let’s consider a simulated dataset with three variables: the outcome Y and
the treatment X are binary variables, and the moderator M is a categorical
variable with 3 levels (a, b, and c).

library(marginaleffects)
library(ggplot2)

library(patchwork)

dat = get_dataset("interaction_01")
head(dat)
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# A data frame: 6 x 3

Y XM
* <int> <int> <chr>
1 1 0 a
2 1 1b
3 1 0 a
4 0 0 a
5 1 0c
6 1 1a

We fit a logistic regression model using the glm() function. This model includes
X and M as standalone predictors, and it also includes a multiplicative
interaction between those two variables. To create this interaction, we insert a
colon (:) character in the model formula.

mod = glm(Y ~ X + M + X:M, data = dat, family = binomial)

Alternatively, one could use the asterisk (*) shortcut, which automatically
includes the multiplicative interaction, as well as each of the individual variables.
The next command is thus equivalent to the previous one.

mod = glm(Y ~ X * M, data = dat, family = binomial)

As is the case for many of the more complex models that we will consider,
the coefficient estimates for this logit model with interactions are difficult to
interpret on their own.

summary (mod)

Coefficients:
Estimate Std. Error z value Pr(>|zl)

(Intercept) 0.43643 0.07195 6.065 <0.001
X 0.26039 0.10337 2.519 0.0118
Mb 0.56596 0.10699 5.290 <0.001
Mc 0.96967 0.11087 8.746  <0.001
X:Mb 0.89492 0.17300 5.173 <0.001
X:Mc 1.41219 0.21462 6.580 <0.001

Thankfully, we can rely on the framework and tools introduced in Parts I and
IT of this book to make these results intelligible.

Marginal predictions

A good first step toward interpretation is to compute the average predicted
outcome for each combination of predictor X and moderator M. We can do
this by calling the avg_predictions() function with its by argument. As
explained in Section 5.3, this is equivalent to computing fitted values for
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every row in the original data, and then taking the average of fitted values by
subgroup.*

avg_predictions(mod, by = c("X", "M"))

X M Estimate Std. Error z Pr(>lz]) 25% 975 %
0 a 0.607 0.01716 354  <0.001 0.574  0.641
0 0.732 0.01555 47.0  <0.001 0.701 0.762
0 ¢ 0.803 0.01334 60.2  <0.001 0.777 0.829
1 a 0.667 0.01647 40.5  <0.001 0.635 0.700
1 b 0.896 0.01058 84.7  <0.001 0.876  0.917
1 ¢ 0.956 0.00707 135.2  <0.001 0.942  0.970

When X =0 and M = a, the average prediction is 0.607. Since the outcome is
a binary variable, predicted values for this specific model are expressed on the
[0, 1] interval, and they can be interpreted as probabilities.

There appears to be considerable variation in the average predicted probability
that Y =1 across subgroups, going from 61% to 96%. This stark variation can
be underscored visually using the plot_predictions() function.

plot_predictions(mod, by = c("M", "X"))

The triangles in this figure are systematically above the corresponding circles.
On average, the predicted probability that Y = 1 is considerably higher when
X = 1 than when X = 0. Figure 10.1 also gives us a first hint that the
relationship between X and Y may differ across values of M. For some values
of M, the triangles are farther apart from the circles, suggesting that the effect
of X on Y may be stronger when M takes on those values.

Does X affect Y ?

We can build on these preliminary findings by adopting a more explicitly
counterfactual approach, using the comparisons () family of function.® Recall,
from Chapter 6, that we can compute an average counterfactual comparison
by taking three steps.

4An alternative would be to report “marginal means” by computing predictions on a
balanced grid before aggregating. This can be achieved by calling: avg_predictions (mod,
newdata="balanced", by=c("X","M"))

5For a discussion of the difference between hypothesis tests conducted on average predic-
tions and average comparisons, see Section 6.3.1.
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Figure 10.1: Average predicted probability that Y=1 for different values of M
and X.

1. Modify the original dataset to fix X = 0 for all observations, and
compute predictions for every row.

2. Modify the original dataset to fix X =1 for all observations, and
compute predictions for every row.

3. Calculate the average difference between the counterfactual predic-
tions computed in steps 1 and 2.

This can be done with a single line of code.

avg_comparisons(mod, variables = "X")

Estimate Std. Error  z Pr(>lz]) 25% 975 %
0.127 0.0112 11.3 <0.001 0.105 0.149

On average, moving from 0 to 1 on the X variable is associated with an
increase of 0.127 on the outcome scale. Since we fit a logistic regression model,
predictions are expressed on the probability scale. Thus, the estimate printed
above suggests that the average treatment effect of X on Y is about 12.7
percentage points.® This estimate is statistically distinguishable from zero, as
the small p value and confidence interval attest.

6Interpreting this quantity in causal terms, as an average treatment effect, assumes that
there is no confounding. See Chapter 8.
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Is the effect of X on'Y moderated by M ?

Now we can exploit the multiplicative interaction in our model to interrogate
heterogeneity. To see if the effect of X on Y depends on M, we make the same
function call as above, but add the by argument.

avg_comparisons(mod, variables = "X", by = "M")
M Estimate Std. Error z Pr(>z]) 25% 975 %
a  0.0601 0.0238 2.53 0.0115 0.0135 0.107
0.1649 0.0188 8.77  <0.001 0.1280 0.202
c 0.1529 0.0151 10.13  <0.001 0.1233 0.182

On average, moving from the control (X = 0) to the treatment group (X = 1) is
associated with an increase of 6 percentage points for individuals in category a.
The average estimated effect of X for individuals in category c is 15 percentage
points.

At first glance, these two estimates look different. But is the difference between
6 and 15 percentage points statistically significant? Can we reject the null
hypothesis that these two estimates are equal? To answer these questions, we
can use the hypothesis argument.

avg_comparisons (mod,
variables = "X",
by = "Mll,
hypothesis = "b3 - bl = 0")

Hypothesis Estimate Std. Error =z Pr(>|z]) 25% 975 %
b3-b1=0 0.0928 0.0282 3.29 <0.001 0.0376  0.148

The difference between the average estimated effect of X in categories ¢ and a is:
0.1529 — 0.0601 = 0.0928. This difference is associated to a large z statistic and
a small p value. Therefore, we can conclude that the difference is statistically
significant; we can reject the null hypothesis that the effect of X on Y is the
same in sub-populations a and c.
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10.1.2 Categorical-by-continuous

The second case to consider is an interaction between a categorical explanator
(X) and a continuous mediator (M). To illustrate, we consider a new simulated
dataset.

dat = get_dataset("interaction_02")
head(dat)

# A data frame: 6 x 3

Y X M
* <int> <int> <dbl>
1 1 0 -0.521
2 0 1 0.136
3 1 0 -0.412
4 0 0 -0.567
5 0 0 -0.979
6 1 1 -1.13

As before, we fit a logistic regression model with a multiplicative interaction,
using the asterisk operator.

mod = glm(Y ~ X * M, data = dat, family = binomial)
summary (mod)

Coefficients:
Estimate Std. Error z value Pr(>|zl)
(Intercept) -0.83981 0.04644 -18.083 < 0.001

X 0.19222 0.06334 3.035 0.00241
M -0.75891 0.05049 -15.030 < 0.001
X:M 0.35209 0.06753 5.213 < 0.001

Conditional predictions

In the previous section, we started by computing average predictions for each
combination of the interacted variable. When one of the variables is continuous
and takes on many values (like M), it is not practical to report averages for
every combination of X and M. Therefore, we focus on “conditional” estimates,
obtained by calling the predictions() function. We use the datagrid() and
fivenum() functions to create a grid of predictors based on Tukey’s five number
summary of M.”

predictions(mod, newdata = datagrid(X = c(0, 1), M = fivenum))

"These five numbers correspond to elements of a standard boxplot: minimum, lower-hinge,
median, upper-hinge, and maximum.
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X M Estimate Pr(>z]) 25% 975 %
—3.14813  0.8248 <0.001 0.7766  0.8645
—0.65902 0.4159 <0.001 0.3921 0.4401
0.00407 0.3009 <0.001 0.2821 0.3204
0.68359 0.2045 <0.001 0.1848 0.2256
3.53494 0.0287 <0.001 0.0198 0.0414
—3.14813  0.6532 <0.001 0.5871 0.7139
—0.65902  0.4063 <0.001 0.3830  0.4300
0.00407 0.3432 <0.001 0.3244 0.3624
0.68359 0.2838 <0.001 0.2623 0.3063
3.53494 0.1105 <0.001 0.0820 0.1473

o
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The results show considerable variation in the predicted probability that ¥
equals 1, ranging from 0.029 to 0.825.

Instead of making predictions for discrete values of the continuous moderator
M, we can also draw a plot with that variable on the x-axis.

plot_predictions(mod, condition = c("M", "X"))

0.754

0.254

0.004

Figure 10.2: Predicted probability that Y=1, for different values of X and M.

Figure 10.2 shows that predicted values of Y tend to be lower when M is
large. That figure also suggests that the relationship between X and Y has a
different character for different values of M. When M is small (left side of the
plot), we see

PY=1X=1,M)<P(Y=1X=0,M) for small values of M.
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When M is large, the converse seems true.

Does X affect Y ?

Moving to the counterfactual analysis, we call avg_comparisons() to get an
overall estimate of the effect of X on the predicted Pr(Y =1).

avg_comparisons(mod, variables = "X")

Estimate Std. Error  z Pr(>lz]) 2.5 % 97.5 %
0.0284 0.0129 2.21  0.0273 0.00318 0.0536

On average, moving from 0 to 1 on X increases the predicted probability that
Y =1 by 2.8 percentage points.

Is the effect of X on'Y moderated by M ¢

As explained in Chapter 6, we can estimate the effect of X for different values
of M by using the newdata argument and datagrid() function. Here, we
measure the strength of association between X and Y for two different values
of M: its minimum and maximum.

comparisons(mod, variables = "X", newdata = datagrid(M = range))
M Estimate Std. Error  z Pr(>z]) 25 % 97.5 %
—-3.15 —0.1716  0.0395 —4.35 <0.001 —0.2489  —0.0943
3.53 0.0818 0.0174 4.70 <0.001 0.0477 0.1159

Moving from 0 to 1 on the X variable is associated with a change of —0.172 in
the predicted Y when the moderator M is at its minimum. Moving from 0 to 1
on the X variable is associated with a change of 0.082 in the predicted Y when
the moderator M is at its maximum. Both of these estimates are associated
with small p values, so we can reject the null hypotheses that they are equal
to zero.

Both estimates are different from zero, but are they different from one another?
Is the effect of X on Y different when M takes on different values? To check
this, we can add the hypothesis argument to the previous call.

comparisons (mod,
hypothesis = "b2 - bl = 0",
variables = "X",
newdata = datagrid(M = range))
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Hypothesis  Estimate Std. Error z Pr(>z]) 25% 975 %
b2-b1=0 0.253 0.0546 4.64 <0.001  0.146 0.36

This confirms that the estimates are statistically distinguishable. We can
reject the null hypothesis that M has no moderating effect on the relationship
between X and Y.

10.1.3 Continuous-by-continuous

The third case to consider is an interaction between two continuous numeric
variables: X and M. To illustrate, we fit a new model to simulated data.

dat = get_dataset("interaction_03")
head(dat)

# A data frame: 6 x 3

Y X M
* <int> <dbl>  <dbl>
1 0 -0.779 -0.761
2 0 -0.389 -0.199
3 0 -2.03 1.46
4 1 -0.982 -0.0254
5 1 0.248 -0.664
6 0 -2.10 -0.314

mod = glm(Y ~ X * M, data = dat, family = binomial)
summary (mod)

Coefficients:
Estimate Std. Error z value Pr(>|zl)

(Intercept) -0.95119 0.03320 -28.650  <0.001
X 0.44657 0.03470 12.868 <0.001
M 0.21494 0.03435 6.257 <0.001
X:M 0.50298 0.03660 13.744 <0.001

Conditional predictions

As in the previous cases, we begin by computing the predicted outcomes
for different values of the predictors. In practice, the analyst should report
predictions for predictor values that are meaningful to the domain of application.
Here, we hold X and M to fixed arbitrary values:

predictions(mod, newdata = datagrid(
= c(-2, 2),
c(-1, 0, 1)))

p

= >
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X M Estimate Pr(>z]) 25% 975 %
-2 —1 0.2586 <0.001 0.2215  0.2995
-2 0 0.1365 <0.001 0.1189 0.1563
-2 1 0.0669 <0.001 0.0531 0.0839
2 -1 0.2177 <0.001 0.1837 0.2561

0 0.4855 0.425 0.4500 0.5212

1 0.7619 <0.001 0.7213  0.7982

When X = —2 and M = —1, the predicted probability that Y equals 1 is
25.86%.

Rather than focus on arbitrary values of X and M, we can plot predicted values
to communicate a richer set of estimates. When calling plot_predictions ()
with these data, we obtain a plot of predicted outcomes with the focal variable
on the x-axis, and lines representing different values of the moderator.

plot_predictions(mod, condition = c("X", "M"))
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Figure 10.3: Predicted value of Y for different values of X and M.

We can draw two preliminary conclusions from Figure 10.3. First, the predicted
values of Y depend strongly on the value of X. Moving from left to right in
the plot often has a strong effect on the heights of predicted probability curves.
Second, M strongly moderates the relationship between X and Y. Indeed, for
some values of M the relationship of interest completely flips. For example,
when M is around —3, the relationship between X and Y is negative: an
increase in X is associated with a decrease in Pr(Y = 1). However, for all
other displayed values of M, the relationship between X and Y is positive: an
increase in X is associated with an increase in Pr(Y = 1).
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Does X affect Y ?

To measure the association between X on Y, we have two basic options.
First, we can use the comparisons() function to compute the estimated effect
of a discrete change in X on the predicted value of Y. Second, we can use
the slopes() function to compute the estimated slope of Y with respect to
X. Since the focal variable and mediator are both continuous, the rest of
this section focuses on slopes. However, it is useful to note that slopes and
counterfactual comparisons both offer valid answers to the research question,
both families of functions operate in nearly identical ways, and both sets of
results would lead us to the same substantive conclusions.

s = avg_slopes(mod, variables = "X")
s

Estimate Std. Error z  Pr(>]z]) 25 % 975 %
0.0857 0.00571 15 <0.001 0.0745  0.0969

On average, across all observed values of the moderator M, increasing X by
one unit increases the predicted outcome by 0.086.% This is interesting but,
as Figure 10.3 suggests, there is strong heterogeneity in the relationship of
interest. The association between X and Y may be very different for different
values of M.

Is the effect of X on'Y moderated by M ?

To answer this question, we estimate slopes of Y with respect to X, for five
values of the moderator M.

slopes(mod, variables = "X", newdata = datagrid(M = fivenum))
M Estimate Std. Error =z Pr(>z]) 25 % 97.5 %
—3.0788 —0.1525 0.01899 —8.03 < 0.001 —0.18968 —0.1153

—0.6759  0.0200 0.00756 2.65 0.00815  0.00519 0.0348
0.0137 0.0913 0.00695 13.14 < 0.001  0.07768 0.1049
0.6906 0.1698 0.00950 17.87 < 0.001 0.15113 0.1884
3.4711 0.5426 0.03363 16.14 < 0.001  0.47673 0.6085

The results in this table confirm our intuition. When M ~ —3, the slope is
negative: increasing X results in a reduction of Y. However, for the other

8Recall from Chapter 7 that this interpretation is valid for small changes in the neighbor-
hoods where slopes are evaluated.
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values of M, the average slope is positive. This is consistent with Figure 10.3,
which shows one line with downward slope, and four lines with upward slopes.

For a more fine-grained analysis, we can plot the slope of Y with respect to X
for all observed values of the moderator M.

plot_slopes(mod, variables = "X", condition = "M") +
geom_hline(yintercept = 0, linetype = "dotted")

Slope

=7 0 2
M

Figure 10.4: Slope of Y with respect to X, for different values of the moderator
M.

Figure 10.4 shows that when the moderator M is below —1, the relationship
between X and Y is negative: increasing X decreases Y. However, when M
rises above —1, the relationship between X and Y becomes positive: increasing
X increases Y.

We can confirm that this moderation effect is statistically significant using the
hypothesis argument. First, we estimate the slope of Y with respect to X
for two different values of the moderator M: its minimum and maximum.

slopes(mod,
variables = "X",
newdata = datagrid(M = range))

M Estimate Std. Error =z Pr(>lz]) 25% 975 %
—-3.08 —0.152 0.0190 —8.03 <0.001 —-0.190 —0.115
3.47 0.543 0.0336 16.14  <0.001 0.477 0.609

Then, we use the hypothesis argument to compare the two estimates.
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slopes(mod,
variables = "X",
newdata = datagrid(M = range),
hypothesis = "b2 - bl = 0")

Hypothesis Estimate Std. Error =z Pr(>lz]) 25% 975 %
b2-b1=0 0.695 0.0475 14.6  <0.001 0.602 0.788

The g—}; slope is larger when evaluated at maximum M, than at minimum M.

Therefore, we can reject the null hypothesis that M has no moderating effect
on the relationship between X and Y.

10.1.4 Multiple interactions

The fourth case to consider is when more than two variables are included in
multiplicative interactions. Such models have serious downsides: they can overfit
the data, and they impose major costs in terms of statistical power, typically
requiring considerably larger sample sizes than models without interaction. On
the upside, models with multiple interactions allow more flexibility in modeling,
and they can capture complex patterns of moderation between regressors.

Models with several multiplicative interactions do not pose any particular
interpretation challenge, since the tools and workflows introduced in this
book can be applied to these models in straightforward fashion. Consider this
simulated dataset with four binary variables.

dat = get_dataset("interaction_04")
head(dat)

# A data frame: 6 x 4

Y X M1 M2
* <int> <int> <int> <int>
1 0 0 0 0
2 1 1 0 1
3 0 0 1 0
4 1 0 1 0
5 0 0 0 1
6 0 1 0 1

We fit a logistic regression model with Y as the outcome, and multiplicative
interactions between all three predictors.

mod = glm(Y ~ X * M1 * M2, data = dat, family = binomial)
summary (mod)
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Coefficients:
Estimate Std. Error z value Pr(>|zl)

(Intercept) -1.0209 0.0908 -11.244  <0.001
X 0.4632 0.1229 3.768 <0.001
M1 -0.7954 0.1470 -5.411 <0.001
M2 0.5788 0.1217 4.755  <0.001
X:M1 0.6746 0.1890 3.569 <0.001
X:M2 -0.9649 0.1716 -5.623 <0.001
M1:M2 0.4046 0.1890 2.141 0.0323
X:M1:M2 0.1976 0.2542  0.777  0.4369

Once again, the coefficient estimates of this logistic regression are difficult
to interpret on their own, so we use functions from the marginaleffects
package.

Marginal predictions

As before, we can compute and display marginal predicted outcomes in any
subgroup of interest, using the avg_predictions() or plot_predictions()
functions.

plot_predictions(mod, by = c("X", "Mi", "M2"))
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Figure 10.5: Average predicted outcomes for different combinations of X, My,
and M.

Figure 10.5 shows the predicted probability that Y equals 1, for different
combinations of X, My, and Ms. The x-axis represents the value of X. The
shape of points represents the value of M7, with triangles indicating a value of
M; = 1. The left facet shows average predictions where Ms = 0, and the right
facet shows estimates for the subset of data where My = 1.

In the left facet, we see that the average predicted probability that Y equals 1
is equal to about 26.5% when X = 0, M; = 0, and Ms = 0. We can extract
this numeric result by calling avg_predictions() on the relevant subset of
data.
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avg_predictions(mod, newdata = datagrid(
X=0,M =0, M2 =0
))

Estimate Std. Error z  Pr(>]z]) 25 % 97.56 %
0.265 0.0177 15 <0.001 0.23 0.299

Similarly, we can use the by argument to compute average predicted probabili-
ties for every combination of the predictors (results omitted for brevity).

avg_predictions(mod, by = c("X", "M1i", "M2"))

Does X affect Y ?

As before, we can estimate the average change in Y associated with a change
from 0 to 1 in the X variable using the avg_comparisons() function.

avg_comparisons(mod, variables = "X")

Estimate Std. Error  z  Pr(>]z]) 25% 975 %
0.0657 0.0129 5.1 <0.001 0.0405 0.091

This suggests that, on average, moving from the control (0) to the treatment (1)
group is associated with an increase of 6.6 percentage points in the probability
that Y equals 1. The p value is small, which implies that we can reject the
null hypothesis that X has no effect on the predicted outcome.

Is the effect of X on'Y moderated by M ?

To check estimate if the effect of X varies depending on the value of moderator
M, we call avg_comparisons() with the by argument.

avg_comparisons(mod, variables = "X", by = "M1i")
M1 Estimate Std. Error =z Pr(>z]) 25 % 97.5 %
0 —0.00703 0.0185 —-0.38 0.704 —0.0433 0.0292
1 0.14026 0.0179 7.83 <0.001 0.1052 0.1754

This shows that the expected change in Y associated with a change in X
differs based on the value of M;: —0.0070 vs. 0.1403. Using the hypothesis
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argument, we can confirm that the difference between these two estimated
effect sizes is statistically significant. In other words, we can reject the null
hypothesis that the effect of X is the same for all values of M;.

avg_comparisons (mod,
variables = "X",
by = "Ml",
hypothesis = "b2 - bl = 0")

Hypothesis Estimate Std. Error =z Pr(>lz]) 25% 975 %
b2-b1=0 0.147 0.0258 5.72 <0.001  0.0968 0.198

Does the moderating effect of My depend on Ms?

The last question that we pose is more complex. Above, we established two
patterns.

1. On average, the value of X affects the predicted value of Y.
2. On average, the value of M; modifies the strength of association
between X and Y.

Now, we ask if My changes the way in which M; moderates the effect of X
on Y. The difference is subtle but important: we are asking if the moderation
effect of M is itself moderated by Ma.

The following code computes the average difference in predicted Y associated
with a change in X, for every combination of moderators M; and Ms. Each
row represents the average effect of X at different points in the sample space.

avg_comparisons (mod,
variables = "X",
by = C(IIMQII, IlMlll))

M2 M1 Estimate Std. Error z Pr(>z]) 25 % 97.5 %
0 0 0.0992 0.0261 3.80 < 0.001  0.0481 0.1504
0 1 0.1967 0.0236 8.35 < 0.001  0.1505 0.2429
1 0 —-0.1111  0.0262 —4.24 < 0.001 —-0.1625 —0.0597
1 1 0.0834 0.0270 3.09 0.00203  0.0304 0.1363

When we hold the moderators fixed at M; = 0 and My = 0, changing the
value of X from 0 to 1 changes the average predicted probability of Y =1
by 9.9 percentage points. When we hold the moderators fixed at M; = 0 and
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M, =1, changing the value of X from 0 to 1 changes the average predicted
probability of Y =1 by -11.1 percentage points.

Now, imagine we hold M constant at 0. We can determine if the effect of X
is moderated by M; by using the hypothesis argument to compare estimates
in rows 1 and 2. This shows that the estimated effect size of X is larger when
M; =1 than when M; = 0, holding M, = 0.

avg_comparisons (mod,
hypothesis = "b2 - bl = 0",
variables = "X",
by. = C("M2", I|M1|l))

Hypothesis  Estimate Std. Error z Pr(>|z]) 25% 9756 %
b2-b1=0 0.0975 0.0351 2.77 0.00555 0.0286 0.166

Similarly, imagine that we hold M5 constant at 1. We can determine if the
effect of X is moderated by M; by comparing estimates in rows 3 and 4. We
use the syntax introduced in Chapter 4, where b3 represents the 3rd estimate
and b4 the fourth.

avg_comparisons (mod,
hypothesis = "b4 - b3 = 0",
variables = "X",
by = C(IIMQII, IlMlll))

Hypothesis Estimate Std. Error z Pr(>lz]) 25% 97.5%
b4-b3=0 0.194 0.0377 5.16 <0.001 0.121  0.268

The hypothesis test above shows that we can reject the null hypothesis that
the 4th estimate is equal to the 3rd (i.e., that the difference between them
is zero). Therefore, we can conclude that the effect size of X is larger when
My =1 than when M; = 0, holding M> at 1.

So far, we have assessed the extent to which M; acts as a moderator, holding
My at different values. To answer the question of whether My moderates the
moderation effect of M;, we can specify the hypothesis as a difference in
differences:

avg_comparisons (mod,
hypothesis = "(b2 - bl) - (b4 - b3) = 0",
variables = "X",
by. = C("M2“, I|M1|l))
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Hypothesis Estimate Std. Error z Pr(>lz]) 25% 975 %
(b2-b1)-(b4-b3)=0  —0.097 0.0515 —1.88 0.0597 —0.198  0.00396

This suggests that Ms may have a second-order moderation effect, but we
cannot completely rule out the null hypothesis because the p value does not
cross conventional thresholds of statistical significance (p=0.0597). In other
words, we cannot quite reject the null hypothesis that Ms has no moderation
effect on the moderation effect of Mj.

10.2 Polynomial regression

Polynomial regression is an extension of the standard additive regression
framework, that can be used to model the relationship between a dependent
variable Y and an independent variable X as an nth-degree polynomial. While
the model specification remains linear in the coefficients, it is polynomial in the
value of X. This type of regression is useful when the data shows a non-linear
relationship that a straight line cannot adequately capture.

The general form of a polynomial regression model is

Y =80+ 1 X + BoX? + B3 X? 4+ + B, X" + ¢,

where Y is the dependent variable, X is the independent variable,
Bo, B1, B2, - .., Bn are the coefficients to be estimated, n is the degree of the
polynomial, and e represents the error term. For instance, a second-degree
(quadratic) polynomial regression equation can be written as:

Y =80+ X+ BX?+e

A polynomial regression can be seen as a special case of the multiplicative
interactions discussed in Section 10.1, where predictors are simply interacted
with themselves. As before, they can be treated as a simple linear regression
problem by constructing new variables Z; = X, Zy = X2, etc. The model then
becomes Y = [y + 01 - Z1 + P2 - Zs + €, which can be estimated using standard
methods like ordinary least squares.

Polynomial regression offers several key advantages. It is flexible and can fit a
wide range of curves, simply by adjusting the degree of the polynomial. As a
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result, polynomial regression can reveal underlying patterns in the data that
are not immediately apparent with simpler models.

This approach also has notable disadvantages. One significant issue is its po-
tential for overfitting, especially when the degree is high. Moreover, polynomial
regression can suffer from unreliable extrapolation, where predictions made
outside the range of the observed sample can become erratic and unrealistic.
Consequently, while polynomial regression can be powerful, careful consid-
eration must be given to the degree of the polynomial to balance fit and
generalization effectively.

Polynomial regression can be viewed simply as a model specification with
several variables interacted with themselves. As such, it can be interpreted
using exactly the same tools discussed in the earlier part of this chapter. To
illustrate, we consider two simple data generating processes adapted from
Hainmueller et al. (2019). The first is

Y =25-X?+¢, where e ~ N(0,1) and X ~ U(-3,3)

If we fit a linear model with only X as predictor, the line of best fit will not be
a good representation of these data. However, a cubic polynomial regression
can easily detect the curvilinear relationship between X and Y. In R and
Python, we can use similar syntax to specify polynomials directly in the model
formula.? Then, we call plot_predictions() to visualize the predictions of
the model.

library (patchwork)
dat = get_dataset("polynomial _01")

mod_linear = 1m(Y ~ X, data = dat)
pl = plot_predictions(mod_linear, condition = "X", points = .05) +
ggtitle("Linear")

mod_cubic = 1m(Y ~ X + I(X"2) + I(X"3), data = dat)
p2 = plot_predictions(mod_cubic, condition = "X", points = .05) +

ggtitle("Cubic")

pl + p2

9For marginaleffects to work properly in this context, it is important to specify the
polynomials in the model-fitting formula. Users should not hard-code the values by creating
new variables in the dataset before fitting the model.
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Figure 10.6: Modeling a curvilinear relationship with linear or polynomial
regression.

On the left-hand side, we see the predictions of a linear model. The prediction
line runs straight through the cloud of observed data points, and fails to
capture the curvilinear relationship between X and Y. On the right-hand
side, the prediction line drawn based on cubic terms does a very good job of
capturing the curve in the data generating process.

To evaluate the strength of association between X and Y, we can compute the
slope of the outcome equation with respect to X, at different values of X.

slopes(mod_cubic, variables = "X", newdata = datagrid(X = c(-2, 0, 2)))

X  Estimate Std. Error z Pr(>lz]) 2.5 % 97.5 %

—2  3.98616 0.0351 113.596 <0.001 3.9174 4.0549
0.00478 0.0226 0.211 0.833 —0.0396 0.0491

2 —3.97639 0.0359 —110.705 <0.001 —4.0468 —3.9060

When X is negative, the slope is positive which indicates that an increase of
X is associated with an increase in Y. When X is around 0, the slope is null,
which indicates that the strength of association between X and Y is null (or
very weak). When X is around 0, changing X by a small amount will have
almost no effect on Y. When X is positive, the slope is negative. This indicates
that increasing X should result in a decrease in Y.

Now, consider a slightly different data generating process, where a binary
moderator M changes the nature of the relationship between X and Y.

Y =25-X?-5-M+2-M-X?+¢c where ¢ ~ N(0,1) and X ~ U(-3,3)
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If we simply fit a cubic regression, without accounting for M, our predictions
will be inaccurate. However, if we interact the moderator M with all polynomial
terms (using parentheses as a shortcut for the distributive property), we can
get an excellent fit for the curvilinear and differentiated relationship between
X and Y.

dat = get_dataset("polynomial_02")
mod_cubic = 1m(Y ~ X + I(X"2) + I(X"3), data = dat)
pl = plot_predictions(mod_cubic, condition = "X",
points = .05)
mod_cubic_interaction = Im(Y ~ M * (X + I(X"2) + I(X"3)), data = dat)
p2 = plot_predictions(mod_cubic_interaction, condition = c("X", "M"),

points = .1)

pl + p2

factor(M)
0

o
o
1

Figure 10.7: Predictions from two regression models fit to the same dataset.

As expected, the fit lines drawn by the model with cubic polynomials and an
interaction do well in capturing the distinct patterns, in the two M subsets.
And as before, we can estimate the slope of the outcome equation for different
values of M and X:

s = slopes(mod_cubic_interaction,
variables = "X",
newdata = datagrid(M = c(0, 1), X = fivenum))
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M X Estimate  Std. Error z Pr(>z]) 25 % 97.5 %
0 —2.9974  5.7529 0.2588 22.228 <0.001 5.24566 6.2602
0 —1.4845  2.9009 0.0582 49.875 <0.001 2.78693 3.0149
0 —0.0586 0.1324 0.0667 1.986 0.047 0.00174 0.2631
0 1.4788 —2.9405  0.0576 —51.094 <0.001 —3.05325 —2.8277
0 29843 —6.0373  0.2542 —23.754 <0.001 —6.53549  —5.5392
1 —2.9974 —6.1017  0.2526 —24.156 <0.001 —6.59678  —5.6066
1 —1.4845 —2.9061  0.0563 —51.628 <0.001 —3.01646 —2.7958
1 —0.0586 —0.0461  0.0634 —0.727  0.467 —0.17026  0.0781
1 1.4788 2.8730 0.0595 48.284 <0.001 2.75638 2.9896
1 29843 5.5654 0.2596 21.437 <0.001 5.05657 6.0742

When M = 0 and X ~ —3, the estimated slope is 5.753, which means that the
prediction curve is rising steeply. Indeed, this is what we see in the right panel
of Figure 10.7, where the solid line rises quickly for low values of X. When
M =0 and X = 3, increasing X by a small amount will result in a substantial
(and statistically significant) decrease in Y.
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Categorical and ordinal outcomes

This chapter shows how the framework and tools introduced in Parts I and II
help us give meaning to estimates obtained by fitting a categorical or ordinal
outcome model.

We say that the outcome variable of a regression model is categorical when it is
discrete that is, it involves a finite number of categories. Categorical outcomes
are very common in data analysis, for example, when one wishes to model the
choice of a mode of transportation (e.g., car, bus, bike, walk). A popular way
to approach such data is to fit a multinomial logit model.

We say that the outcome variable of a regression model is ordinal when it is
discrete, involves a finite number of categories, and has a natural ordering.
Ordinal outcomes are very common in data analysis, for example, when one
wishes to model levels of satisfaction (e.g., very dissatisfied, dissatisfied, neutral,
satisfied, very satisfied). A popular way to approach such data is to fit an
ordered probit model, where the probability of each category j of the outcome
variable is modeled as (Cameron and Trivedi, 2005)

P(Y =j) = F(0; = XpB) = F(0;-1 — Xp)

where X represents the vector of predictors, 8 the vector of coeflicients, 6; and
0;_1 the threshold parameters defining the boundaries between categories j
and j — 1, and F the standard normal cumulative distribution function.

The distinguishing feature of models like the multinomial logit or ordered
probit is that they estimate different parameters for each level of the outcome
variable. This allows the analyst to estimate different quantities of interest—
predictions, counterfactual comparisons, and slopes—for each level of the
dependent variable. This chapter focuses on the ordered probit case, but
the same workflow applies to a much wider class of models, including other
multinomial and ordered approaches.

Let’s consider the dataset on extramarital affairs, collected in 1969 by the
magazine Psychology Today, and analyzed in Fair (1978). These data include
601 survey responses on demographic, marital, and personal characteristics
of married Americans: gender, age, years married, children, religiousness,
education, occupation, and self-rated happiness in marriage.
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The outcome in our analyses is affairs, a variable that records the self-
reported frequency of extramarital sexual encounters in the past year: 0, 1, 2,
3, 4-10 or >10. The following code loads the data and plots the distribution
of the outcome.

library (MASS)

library(ggplot2)

library(marginaleffects)

dat = get_dataset("affairs")

barplot (table(dat$affairs), ylab = "N", xlab = "Affairs")

To study the determinants of the number of extramarital affairs, we specify
an ordered probit regression model with three predictors: a binary variable
indicating whether a survey respondent has children, the number of years since
they got married, and a binary indicator for gender. To fit the model, we use
the polr () function in the MASS package.

mod = polr(
affairs ~ children + yearsmarried + gender,
method = "probit", data = dat, Hess = TRUE)

summary (mod)
Coefficients:
Value Std. Error t value

childrenyes  0.17290 0.1506 1.1477
yearsmarried 0.03457 0.0116 2.9793
genderwoman -0.08851 0.1075 -0.8234
Intercepts:

Value Std. Error t value
0l1 1.0563 0.1336 7.8970

1]2 1.2624 0.1357 9.2300
213 1.3647 0.1372 9.9471
314-10 1.5057 0.1394 10.8010
4-101>10 1.9363 0.1495 12.9536

The coefficients in this model can be viewed as measuring changes in a latent
variable, associated to changes in the predictors. Unfortunately, building
intuition about this latent variable is complicated, and the parameter estimates
do not have a straightforward interpretation. Instead of focusing on those
estimates, we do what we have done throughout this book, and transform raw
parameters into more intuitive quantities of interest: predictions, counterfactual
comparisons, and slopes.
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11.1 Predictions

The first step of our post-estimation workflow is to compute average predictions.
In a categorical outcome model, predictions are expressed on a probability
scale. Importantly, the model allows us to make one prediction for every level
of the outcome variable.

Imagine that we are specifically interested in the expected number of affairs
for a woman with children who has been married for 10 years. To compute
this quantity, we use the datagrid() function to build a grid, and call the
predictions() function.?

p = predictions(mod, newdata = datagrid(

children = "yes",
yearsmarried = 10,
gender = "woman"))
p
Group children years married gender Estimate Std. Error z Pr(>lz]) 25% 975 %
0 yes 10 woman  0.7341 0.02755 26.65 <0.001 0.6801  0.7881
1 yes 10 woman  0.0605 0.01041 581  <0.001 0.0401  0.0809
2 yes 10 woman  0.0304 0.00746 4.08  <0.001 0.0158  0.0451
3 yes 10 woman  0.0339 0.00795 4.27  <0.001 0.0184  0.0495
4-10 yes 10 woman  0.0750 0.01262 5.94  <0.001 0.0503  0.0998
>10 yes 10 woman  0.0660 0.01310 5.04  <0.001 0.0403  0.0917

This fitted model predicts that there is a 73% probability that this woman will
have no extra-marital affair, and a 6% chance that she will have one.

Instead of reporting predicted probabilities for individual cases, we can compute
them for all individuals in the dataset, and then average them. As in previous
chapters, calling the avg_predictions() returns marginal predictions.

p = avg_predictions(mod)
P

LChapter 5
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Group Estimate Std. Error =z Pr(>lz|) 25% 975 %
0 0.7497 0.01739 43.12  <0.001 0.7157 0.7838
1 0.0567 0.00944 6.01 <0.001 0.0382 0.0752
2 0.0285 0.00680 4.19  <0.001 0.0152 0.0418
3 0.0317 0.00715 4.44  <0.001 0.0177 0.0457

4-10 0.0702 0.01039 6.76  <0.001 0.0498  0.0906
>10 0.0631 0.00986 6.40  <0.001 0.0438 0.0824

Since we are working with a categorical outcome model, the
avg_predictions() function automatically returns one average pre-
dicted probability per outcome level. The group identifiers are available in the
group column of the output data frame.

colnames (p)

[1] "group" "estimate" "std.error" "statistic" "p.value" "s.value"
[7] "conf.low" ‘"conf.high" "df"

p$group

[1]1 0 1 2 3 4-10 >10
Levels: 0 1 2 3 4-10 >10

Unsurprisingly, given Figure 11.1, the expected probability that affairs=0 is
much higher than that of any of the other outcome levels (75%). In contrast, the
average predicted probability that survey respondents have over 10 extramarital
affairs in a year is 6%.

As we saw in Chapter 5, it is easy to compute average predictions for different
subgroups. For instance, if we want to know the expected probability of each

(=}
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Figure 11.1: Distribution of the self-reported number of extra-marital affairs
during 12 months preceding the survey (Fair, 1978).
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outcome level, for survey respondents with and without children, we call the
following code.

p = avg_predictions(mod, by = "children")
head(p, 2)

Group children Estimate Std. Error z Pr(>lz]) 25% 975 %
0 no 0.839 0.0275 30.5 <0.001 0.785 0.893
0 yes 0.714 0.0214 33.5 <0.001 0.672 0.756

On average, the predicted probability that a survey respondent without children
has zero affairs is 84%. In contrast, the average predicted probability for a
respondent with children is 71%.

We can also plot these figures with an analogous call, using the by argument to
marginalize predictions across combinations of outcome group and children
predictor.

plot_predictions(mod, by = c("group", "children")) +
labs(x = "Number of affairs", y = "Average predicted probability")
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Figure 11.2: Average predicted probabilities for each outcome level, for the
subpopulations with and without children.

Figure 11.2 shows again that the most likely survey response, by far, is zero.
Moreover, the graph suggests that differences in average predicted probabilities
between people with and without children are quite small. This impression will
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be confirmed in the next section, where we adopt an explicitly counterfactual
approach.

In some cases, it can be useful to combine different outcome level categories.
For example, the analyst may wish to know what the chances are that survey
respondent will report at least one affair. To do this, we must compute the
sum of all predicted probabilities for group values above 0.

One powerful strategy is to define a custom function to use in the hypothesis
argument of avg_predictions(). As stated in the function manual,? custom
hypothesis functions must accept the same data frame that we obtain when
calling a function without the hypothesis argument, that is, a data frame with
group, term, and estimate columns. The custom function can then process
this input and return a new data frame with term and estimate columns.

For example, the custom function defined below accepts a data frame x,
collapses the predicted probabilities by group categories, and returns a data
frame of new estimates.

hyp = function(x) {
x$term = ifelse(x$group == "0O", "0", ">0")
aggregate(estimate ~ term + children, FUN = sum, data = x)

;}> = avg_predictions(mod, by = "children", hypothesis = hyp)

p
Term children Estimate Std. Error z Pr(>z]) 25% 97.5%
>0 no 0.161 0.0275 5.87  <0.001 0.107  0.215
0 no 0.839 0.0275 30.53  <0.001 0.785 0.893
>0 yes 0.286 0.0214 13.38 <0.001 0.244 0.328
0 yes 0.714 0.0214 33.45 <0.001 0.672  0.756

On average, the predicted probability that a survey respondent without children
will report at least one affair is 16%.

The custom function above applied a sum by subgroup using the aggregate ()
function, which has been available in base R since the 20th century. The same
result can be obtained using the tidyverse idiom.

2In R, you can access the function manual by typing ?avg_predictions. In Python, it
can be accessed by typing help(avg_predictions). The manual is also hosted at https:
//marginaleffects.com
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library(tidyverse)
hyp = function(x) {
x %>%
mutate(term = if_else(group == "0", "0", ">0")) %>%
summarize (estimate = sum(estimate), .by = c("term", "children"))
}
avg_predictions(mod, by = "children", hypothesis = hyp)

11.2 Counterfactual comparisons

After looking at predictions, it makes sense to adopt an explicitly counterfactual
perspective, to quantity the strength of association between predictors and
outcome. Our first objective is to answer this question: What would happen
to the reported number of affairs if we increased the number of years married,
while holding other predictors constant?

To answer this question, we use the avg_comparisons() function, and define
the shift in focal predictor using the variables argument.?

avg_comparisons(mod, variables = list(yearsmarried = 5))

Group Estimate Std. Error =z Pr(>|z]) 25 % 97.5 %

0 —0.05617 0.01940 -2.89 0.00379  -0.094199 -0.01814
1 0.00687 0.00236 2.91 0.00363  0.002241  0.01150
2 0.00427 0.00168 2.54 0.01094 0.000981  0.00756
3 0.00551 0.00215 2.56  0.01040  0.001296  0.00973

4-10 0.01590 0.00580 2.74  0.00607  0.004543  0.02726
>10 0.02362 0.00923 2.56  0.01053  0.005521  0.04171

cmp = avg_comparisons(mod, variables = list(yearsmarried = 5))

On average, increasing the yearsmarried variable by 5 reduces the predicted
probability that affairs equals zero by 5.6 percentage points. On average,
increasing yearsmarried by 5 increases the predicted probability that affairs
is greater than 10 by 2.4 percentage points. These counterfactual comparisons
are associated with small p values, so we can reject the null hypothesis that
yearsmarried has no effect on the predicted number of affairs.

3Section 6.2.1
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In contrast, if we estimate the counterfactual effect of gender, we find that
differences in predicted probabilities are small and statistically insignificant.
We cannot reject the null hypothesis that gender has no effect on affairs.

avg_comparisons(mod, variables = "gender")
Group Estimate Std. Error =z Pr(>)z|) 25 % 97.5 %
0 0.02736 0.03324 0.823 0.411 —0.03779  0.09251
1 —0.00373  0.00458 —0.815 0.415 —0.01271  0.00524
2 —0.00225 0.00278 —0.808 0.419 —0.00769  0.00320
3 —0.00284  0.00350 —0.811 0.417 —0.00970  0.00402
4-10 —0.00786  0.00959 —0.819 0.413 —0.02666  0.01095
>10 —0.01068  0.01305 —0.818 0.413 —0.03626  0.01491

In conclusion, this chapter has demonstrated how categorical and ordinal
outcome models, such as ordered probit, can be effectively used to inter-
pret complex data. By transforming raw parameter estimates into intuitive
quantities like predictions and counterfactual comparisons, analysts can gain
meaningful insights into the data. This approach not only enhances the in-
terpretability of the model results but also facilitates clear communication of
findings to a broader audience.
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Multilevel regression with
poststratification

This chapter shows how marginaleffects can help us make sense of com-
plex hierarchical data and draw inference from unrepresentative samples. To
that end, we explore an empirical strategy called multilevel regression with
poststratification (MRP).!

This MRP case study has three main objectives. First, it shows how to use
marginaleffects to interpret estimates obtained by fitting multilevel regres-
sion models (aka, hierarchical, mixed effects, or random effects models). Second,
it demonstrates that a consistent post-estimation workflow can be used to
interpret the results of both frequentist and Bayesian models. Finally, this case
study illustrates how to use poststratification to account for unrepresentative
sampling.

We apply MRP to survey data collected in the United States. Our substantive
goal is to estimate the level of support, in each American State, for budget
cuts to police forces. This analysis follows Ornstein (2023), who compiled
and studied data from the 2020 Cooperative Election Study (CES). Readers
who are interested in a deeper dive into MRP, including a rich discussion of
modeling choices and approaches, should refer to Ornstein’s excellent tutorial.

In our analysis, the outcome of interest is defund, a binary variable equal to 1
if a respondent supports cuts to police budgets.? Predictors include individual-
level covariates gender, race, age, and education. The dataset also records if
each survey respondent has been a member of the military, and which state
they live in.

The ces_survey dataset includes 3000 observations, randomly drawn from
the full CES data.

IThis case study only includes code for R. The features illustrated here are on the roadmap
for Python but, at the time of writing, were not supported yet.

2The survey firm asked respondents if they supported or opposed this policy: “Decrease
the number of police on the street by 10 percent, and increase funding for other public
services.”
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library(marginaleffects)
survey = get_dataset("ces_survey")
head (survey)

# A data frame: 6 x 6

state defund gender age education military
* <chr> <dbl> <chr> <fct> <fct> <dbl>
1 TX 0 Woman 70+ Some college 1
2 NJ 1 Woman 18-29 4 year 0
3 CO 0 Woman 60-69 4 year 1
4 PA 0 Man 50-59 4 year 1
5 PA 0 Woman 70+ High school 1
6 IA 1 Man 40-49 Some college 0
1

12.1 Multilevel models

Multilevel (or mixed effects) models are a popular strategy to study data that
have a hierarchical, nested, or multilevel structure. Examples of nested data
include survey respondents in different states; repeated measures made on the
same subjects or on clustered observations; and students nested in classrooms,
schools, districts, and states. A thorough introduction to multilevel modeling
lies outside the scope of this chapter, but interested readers can refer to many
great texts on the subject (Gelman and Hill, 2006; Finch et al., 2019; Hodges,
2021; Birkner, 2024).

The parameters of a multilevel model can be divided into two types: “fixed
effects” and “random effects.” Fixed effects are parameters that are assumed to
be constant across all groups in the population. Random effects, on the other
hand, are parameters that are allowed to vary across groups. A major benefit
of mixed effects models is that they allow variation in parameters between
subsets of the data. For example, by specifying a “random intercept,” the
analyst can let the baseline level of support for defund vary across US states.
By including a “random coefficient” for the gender variable, they can allow
the strength of association between gender and defund to vary from state to
state.

Importantly, the random parameters of a mixed effects model are not com-
pletely free to vary from group to group. Instead, the model typically imposes
constraints on the shape of the distribution of parameters. In effect, this regu-
larizes parameters, allowing estimates for groups with small sample sizes to be
informed by estimates for groups with larger sample sizes, and pulling extreme
observations closer to the middle of the distribution. This can reduce the risk
of overfitting and stabilize estimates.



Frequentist 177

12.2 Frequentist

Several software packages in R allow us to fit mixed effects models from a
frequentist perspective, such as Ime4 (Bates et al., 2015) and glmmTMB (Brooks
et al., 2017). When using one of these packages, we define models using the
familiar formula syntax. The fixed components of our model are specified
as we would any other predictor when fitting a linear or generalized linear
model. Random effects components are specified using a special syntax with
parentheses and a vertical bar.

y=x+z+ (1 +z | group)

The formula above indicates that y is the outcome variable; the associations
between predictors x and z, and the outcome y are captured by fixed effect
parameters; 1 is a random intercept which allows the baseline level of y to vary
across groups; z is a random coefficient, allowing the strength of association
between z and y to vary across groups; and group is the grouping variable.

To model the probability of supporting cuts to police budgets, we use the
glmmTMB package and fit a logistic regression model which includes a random
intercept and random gender coefficient by state.

library(glmmTMB)
library(marginaleffects)

mod = glmmTMB(
defund ~ age + education + military + gender + (1 + gender | state),
family = binomial,
data = survey)

summary (mod)

Family: binomial ( logit )

Formula: defund ~ age + education + military + gender + (1 + gender |
state)

Data: survey

AIC BIC logLik -2*log(L) df.resid
3822.7 3918.8 -1895.3 3790.7 2984

Random effects:

Conditional model:
Groups Name Variance Std.Dev. Corr
state (Intercept) 0.004169 0.06457
genderWoman 0.001333 0.03650 1.00
Number of obs: 3000, groups: state, 48
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Conditional model:
Estimate Std. Error z value Pr(>|zl|)

(Intercept) -0.2577928 0.2324920 -1.109 0.26751
age30-39 0.0192253 0.1256230 0.153 0.87837
age40-49 -0.7821669 0.1342192 -5.828 5.63e-09 **x*
age50-59 -0.9662776 0.1278805 -7.556 4.15e-14 *xx*
age60-69 -1.1645794 0.1325723 -8.784 < 2e-16 **¥x*
age70+ -1.3740248 0.1527391 -8.996 < 2e-16 *¥x*
educationHigh school  0.0890342 0.2286540 0.389 0.69699
educationSome college 0.4157259 0.2297095 1.810 0.07033 .
education2 year 0.1891399 0.2478493 0.763 0.44539
educationd year 0.6204406 0.2294903 2.704 0.00686 *x*
educationPost grad 0.9882507 0.2405607 4.108 3.99e-05 *xx*
military 0.0003398 0.0829750 0.004 0.99673
genderWoman 0.1680639 0.0814649 2.063 0.03911 *
Signif. codes: O 'sx*x' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

The signs of these estimated coefficients are interesting, but their magni-
tudes are somewhat difficult to interpret. As in previous chapters, we can use
marginaleffects to make sense of those estimates.

To start, let’s use the predictions() function to compute the predicted
probability of supporting cuts to police budgets for two hypothetical individuals:
one from California and one from Alabama.?

p = predictions(mod, newdata = datagrid(
state = c("CA", "AL"),

gender = "Man",
military = O,
education = "4 year",
age = "50-59"
))
P
state gender military education age Estimate Std. Error 2z Pr(>z|) 25 % 975 %
CA  Man 0 4 year 50-59 0.372 0.0308 121 <0001 0312 0.432
AL Man 0 4 year 50-59  0.353 0.0301 11.7  <0.001 0.294 0412

Our model predicts that a survey respondent with these demographic charac-
teristics has a 37.2% chance of supporting funding cuts if they live in California,
but a 35.3% chance if they live in Alabama.

To assess the strength of association between age and defund, we can use the
avg_comparisons () function.

3Note that the uncertainty estimates reported by marginaleffects for frequentist mixed
effects models only take into account the variability in fixed effects parameters, and not in
random effects parameters. Bayesian modeling allows for more options in the quantification
of uncertainty.
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avg_comparisons(mod, variables = "age")
Contrast Estimate  Std. Error z Pr(>|z]) 2.5 % 97.5 %
30-39 — 18-29  0.00462 0.0302 0.153 0.878 —0.0545 0.0638
40-49 — 1829 —0.18801 0.0313 —6.002 <0.001 —0.2494  —0.1266
50-59 — 1829 —0.22917 0.0292 —7.853 <0.001 —0.2864 —0.1720
60-69 — 18-29 —0.27087 0.0291 —9.295 <0.001 —0.3280 —0.2138
70+ — 1829 —0.31145 0.0313 —9.938 <0.001 —0.3729  —0.2500

The age of survey respondents is strongly related to their propensity to answer
“yes” on the defund question. On average, our model predicts that moving
from the younger age bracket (18-29) to the older one (70+) is associated with
a reduction of 31 percentage points in the probability of supporting cuts to
police staff.

This brief example shows that we can apply the workflow described in earlier
chapters to interpret the results of mixed effects models. In the next section,
we analyze a similar model from a Bayesian perspective.

12.3 Bayesian

Bayesian regression analysis has a long history in statistics. Recent devel-
opments in computing, algorithm design, and software development have
dramatically lowered the barriers to entry; they have made it much easier for
analysts to estimate Bayesian mixed effects models.*

A typical Bayesian analysis involves several (often iterative) steps, including
model formulation, prior specification, model refinement, estimation, and
interpretation. Together, these steps form a “Bayesian workflow” that allows
analysts to go from data to insight (Gelman et al., 2020).

This section illustrates how to use the brms package for R to fit Bayesian
mixed effects models, and how the marginaleffects package facilitates two
important steps of the Bayesian workflow: prior predictive checks and posterior
sumimaries.

The model that we consider here has the same basic structure as the frequentist
model from the previous section.

4A comprehensive treatment of Bayesian modeling would obviously require more space
than this short chapter affords. Interested readers can refer to many recent texts, such as
Gelman et al. (2013), McElreath (2020), or Biirkner (2024).
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defund ~ age + education + military + gender + (1 + gender | state)

The age, education, and military variables are associated to fixed effect
parameters, while the gender and intercept parameters are allowed to vary
from state to state.

12.3.1 Prior predictive checks

One important difference between Bayesian and frequentist analysts, is that
the former must explicitly specify priors over the parameters of their models.
Priors encode the knowledge, beliefs, or information that the analyst held
about the parameters of interest, before looking at the data. Some priors
can have an important impact on the results, so it is crucial to choose them
carefully.

Using the prior function from the brms package for R, we can easily specify
different priors. For example, if there is a lot of uncertainty about the value of
the parameters in our model, we can set “vague” or “diffuse” priors, say from
a normal distribution with a large variance.

library(brms)
library(ggdist)
library(ggplot2)

priors_vague = c(
prior(normal(0, 1e6), class M) o
prior(normal(0, 1e6), class = "Intercept")

)

In contrast, if the analyst is confident that the parameters should be closer to
zero, they can choose a more “informative” or “narrow” prior.

priors_informative = c(
prior(normal(0, 0.2), class
prior(normal(0, 0.2), class

)

Ilbll) .
"Intercept")

For many analysts, choosing priors is a difficult exercise. Part of this difficulty
is linked to the fact that we are often required to specify priors for parameters
that are expressed on an unintuitive scale.” What do the coefficients of a
mixed-effect logit model mean, and does it make sense to think that they are
distributed normally with a variance of 0.27

To help answer this question, we can conduct prior predictive checks, that
is, we can simulate quantities of interest from the pure model and priors,
without considering any data at all. This allows us to check if different priors

5Chapter 3
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make sense, by looking at simulated quantities of interest with more intuitive
interpretations than raw coefficients. We can then refine the model purely
based on our prior knowledge, before we let our views be influenced by the
observed data.

To conduct a prior predictive check in R, we begin by using the brm() function
and its formula syntax to define the model structure, with fixed and random
parameters. Then, we set family=bernoulli to specify a logistic regression
model. The prior argument is used to specify the priors we want to use, either
diffuse or informative. Finally, we instruct brms to ignore the actual data
altogether, and to draw simulations only from priors, by setting the argument
sample_prior="only".

model_vague = brm(
defund ~ age + education + military + gender + (1 + gender | state),
family = bernoulli,
prior = priors_vague,
sample_prior = "only",
data = survey)

model_informative = brm(
defund ~ age + education + military + gender + (1 + gender | state),
family = bernoulli,
prior = priors_informative,
sample_prior = "only",
data = survey)

The sample_prior argument is powerful. It allows us to draw simulated
coefficients from the model and priors, without looking at the data. But one
problem remains: the outputs of this function are still expressed on the same
unintuitive scale as the model parameters.

fixef (model_vague)

Estimate Est.Error Q2.5 Q97.5
Intercept -1358.4595 1400823.4 -2781831 2719043
age30M39 19503.7905 996759.2 -1899753 1963344
age40M49 3523.6830 1003149.8 -1894097 1951398
ageb0M59 -13388.5194 995769.3 -1914897 2004686
age60M69 -10833.3448 1031207.5 -1970037 2031937

4
2
8
3
5
age70P 27095.2811 1026253.7 -1996471 2019135
educationHighschool -23835.2111 986739.4 -1929888 1907825
educationSomecollege  -582.7351 1019188.2 -1989659 1996451
6
8
9
9
1

education2year 7462.3930 986440.6 -1936941 1938873
educationdyear 4361.3645 1000424.8 -1887777 1952272
educationPostgrad -9154.9701 1006088.9 -1997184 1902682
military -16838.0852 993453.9 -1965510 1932634

genderWoman 8475.6834 990286.1 -1913603 1911330
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How can we know if the results printed above make sense? One simple approach
is to post-process the prior-only brms model using marginaleffects. With
this strategy, we can compute any of the quantities of interest introduced
earlier in this book: predictions, counterfactual comparisons, and slopes.®

When using vague normal priors, the average predicted probability of support-
ing cuts to police budgets is centered at 0.5, with credible intervals that cover
nearly the full unit interval.

p_vague = avg_predictions(model_vague, by = "gender")
p_vague

gender  Estimate 2.5% 975 %
Man 0.491 0.0118 0.988
Woman  0.500 0.0232 0.984

Unsurprisingly, the intervals are much narrower when we use informative priors.

p_informative = avg_predictions(model_informative, by = "gender")
p_informative

gender  Estimate 2.5 % 97.5 %
Man 0.501 0.350 0.649
Woman  0.500 0.349 0.652

We can also plot the prior distribution of average predictions. First, we extract
draws from both models using get_draws (). Then, we plot them using the
ggplot2 and ggdist packages.

draws = rbind(

get_draws(p_vague, shape = "rvar"),
get_draws(p_informative, shape = "rvar")
)
draws$Priors = c("Vague", "Vague", "Informative", "Informative")

ggplot (draws, aes(xdist = rvar, fill = Priors)) +
stat_slabinterval(alpha = .5) +
facet_wrap(~ gender) +
scale_fill_grey() +
labs(x = "Average predicted probability (prior-only)", y = "Density")

SChapters 5, 6, 7
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Figure 12.1: Average predictions with vague and informative priors (no data).

If the ultimate goal of our analysis is to compute an average treatment effect
via G-computation,” we can conduct a prior predictive check directly on that
quantity. Once again, the intervals are much wider when using vague priors.

avg_comparisons(model_vague, variables = "military")

Estimate 2.5 % 97.5 %
0 —0.523 0.506

avg_comparisons (model_informative, variables = "military")

Estimate 2.5 % 97.5 %
8.73e—05 —0.0557 0.0592

12.3.2 Posterior summaries

We now fit the model to data by dropping the sample_prior argument.

model = brm(
defund ~ age + education + military + gender + (1 + gender | state),
family = bermnoulli,
prior = priors_vague,
data = survey)

Using this fitted model, we can consider the average predicted probability that
a respondent answers “yes” on the defund question, for respondents with or
without military experience. By default, marginaleffects functions report
the mean of posterior draws, along with equal-tailed intervals.

7Chapters 6 and 8
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p = avg_predictions(model, by = "military")
P

military Estimate 2.5% 97.5 %
0 0.447 0.424 0472
1 0.364 0.341  0.387

On average, people who were never in the military have a 44.7% chance of
supporting cuts to police budgets. In contrast, survey respondents with military
backgrounds have, on average, an estimated probability of 36.4% of answering
13 ki
yes.

As in Chapter 6, we can use the avg_comparisons() function to assess the
strength of association between some covariate, like age, and the outcome
defund.

cmp = avg_comparisons(model, variables = list(age = c("18-29", "70+")))
cmp

Estimate 2.5 % 97.5 %
—0.311 —0.37 —-0.249

On average, holding all other variables constant at their observed values,
moving from the 18-29 to the 70+ age categories would be associated with
a decrease of —31 percentage points in the probability of supporting funding
cuts.

Recall that our model specification allows the parameter associated to gender
to vary from state to state. To see if this is the case, we call the comparisons ()
function with the newdata argument. This computes risk differences for one
individual per state, whose characteristics are set to the average or mode of
the predictors.

cmp = comparisons(model,
variables = "gender",
newdata = datagrid(state = unique))

Then, we sort the data, convert the state variable to a factor to preserve that
order, and call ggplot to display the results.
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cmp = sort_by(cmp, ~estimate) [>
transform(state = factor(state, levels = state))

ggplot (cmp,
aes(x = state, y = estimate,
ymin = conf.low, ymax = conf.high)) +
geom_hline(yintercept = 0, linetype = 3) +
geom_pointrange() +
labs(x = "", y = "Average risk difference") +
theme (axis.text.x = element_text(angle = 90, vjust = .5))

Average risk difference
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Figure 12.2: Average risk difference for a hypothetical individual with typical
characteristics living in different states.

The results in Figure 12.2 show that the estimated risk difference is quite small,
hovering around 4 percentage points. The plot also shows that the estimated
association between gender and defund is quite stable across states.

When post-processing Bayesian results, it is often useful to directly manip-
ulate draws from the posterior distribution. To extract these draws, we use
the get_draws () function. This function can return several types of objects,
including data frames in “wide” or “long” formats, matrices, or an rvar distri-
bution object compatible with the posterior package. For instance, we can
print the first 5 draws from the posterior distribution of average predictions
with it.

draws = avg_predictions(model) |> get_draws(shape = "long")
draws[1:5, 1:2]

drawid draw
1 0.3964929
0.3974249
0.4046949
0.4067100
0.4161802

g W N
o W N
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This allows us to compute various posterior summaries using standard R
functions. The following code shows that about 70% of the posterior density
of the average prediction lies above 0.4.

mean (draws$draw > .4)

[1] 0.69725

12.4 Poststratification

The sample that we used so far is relatively large: 3000 observations. But
even if those observations were drawn randomly from the national population,
they may still be insufficient to estimate state-level opinion. Indeed, some
states are much more populous than others, and our dataset includes very few
observations from certain areas of the country.

sort (table(survey$state))

ND WYy SD VI MS ID MT NE NH RI DE AR KS ME WV NM OK IA NV UT
4 5 8 9 12 14 14 15 15 15 19 21 21 21 21 22 23 32 32 33
Ky CT LA MN OR AL MD MA WA CO SC WI TN IN MO AZ NJ GA VA NC
40 42 44 44 46 47 49 B3 57 59 60 67 7O 76 76 81 88 90 90 91
MI IL OH PA NY FL TX CA
94 107 136 144 180 224 224 265

This kind of disparity occurs in many contexts, such as when one estimates
quantities like

e  Presidential voting intentions in swing states, based on a national
survey.

e  Psychological well-being of a population, using a web-based survey
that oversamples young and highly educated people.

e Effect of a user interface change on website sales, based on an
unbalanced sample of laptop or smartphone users.

e Vaccination rates using data from healthcare providers who are
overrepresented in affluent neighborhoods.

To draw state-level inferences about defund, we will use the MRP approach,
or multilevel regression with poststratification. MRP is implemented in four
steps.

First, we estimate a mixed-effects model with random intercept by state.
As Ornstein (2023) notes, the accuracy of MRP estimates depends on the
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predictive performance of this first-stage model, and may be affected by
standard problems such as overfitting. Since we have already estimated such a
model for previous examples, we simply use the same brms object as before:
model.

Second, we must construct a poststratification frame, that is, a dataset that
contains information about the prevalence of each possible predictor profile.
Typically, the frame is constructed using a canonical source, such as the census.
In our case, the demographics poststratification frame records the prevalence
of socio-demographic characteristics for each state.®

demographics = get_dataset("ces_demographics")
head (demographics)

# A data frame: 6 x 6
state age education gender military percent

* <chr> <fct> <fct> <chr> <dbl> <dbl>
1 AL 18-29 No HS Man 0 0.318
2 AL 18-29 No HS Man 1 0.212
3 AL 18-29 No HS Woman 0 0.530
4 AL 18-29 No HS Woman 1 0.318
5 AL 18-29 High school Man 0 1.80

6 AL 18-29 High school Man 1 0.636

This table shows, for example, that about 0.318% of the Alabama population
are men between the ages of 18 and 29, with no high school degree, and no
military experience. Note that the proportions of predictor profiles must sum
to one for each state.

with(demographics, sum(percent[state == "AL"]))

[1] 100

The third step in MRP is to make predictions for each row of the poststratifica-
tion frame. In other words, we use the demographics data frame in newdata,
instead of using the empirical grid.

p = predictions(model, newdata = demographics)

Finally, we take a weighted average of these predictions by state, where
weights are defined as the proportion of each demographic group in the state’s
population. To do this with marginaleffects, we modify the call above, specifying
weights with the wts argument, and the aggregation unit with the by argument.

”

81deally, the demographics data frame would be “complete,” in the sense that it would
record the prevalence of every possible type of individual, in every state. Unfortunately, this
is not always possible, when demographic information is not available for certain subsets of
the population, for example in narrow groups, in less populous states.
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p = avg_predictions(model,
newdata = demographics,

wts = "percent",
by = "state")
head (p)

state Estimate 2.5% 97.5 %

AL 0.409 0.354  0.464
AR 0.399 0.346  0.474
A7 0.381 0.334  0.430
CA 0.451 0.413  0.506
CO 0.436 0.397  0.505
CT 0.401 0.349  0.455

This command gives us one estimate per state. After adjusting for the demo-
graphic composition of the state of Alabama, our model estimates that the
average probability of supporting cuts to police budgets is 40.9%, with a 95%
credible interval of [35.4, 46.4].

To visualize these results, we can extract draws from the posterior distribution
using the get_draws () function, and use the ggdist package to plot densities.
Figure 12.3 shows that the support for cuts to police budgets varies across
states, with highest estimates in California and lower estimates in Wyoming.

library(ggdist)
library(ggplot2)

p=p >
get_draws(shape = "rvar") [>
sort_by(~ estimate) [>
transform(state = factor(state, levels = state))

ggplot(p, aes(y = state, xdist = rvar)) +
stat_slab(height = 2, color = "white") +
labs(x = "Posterior demnsity", y = NULL) +
x1im(c (.3, .5))

In this chapter, we explored the use of multilevel regression with poststratifi-
cation (MRP) to analyze hierarchical data and draw inferences from unrep-
resentative samples. We demonstrated how to fit mixed effects models using
both frequentist and Bayesian approaches, and how to interpret these models
using the marginaleffects package. The chapter highlighted the importance
of prior predictive checks in Bayesian analysis and illustrated the process of
poststratification to adjust for demographic composition.
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Figure 12.3: Estimated average probability of supporting cuts to police budgets,
for each US state. Estimates obtained via Bayesian multilevel regression and
poststratification.
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Machine learning

The concepts and post-estimation tools introduced in earlier chapters—
predictions, counterfactual comparisons, and slopes—are largely model-
agnostic; they are applicable to both statistical and machine learning ap-
proaches. These tools are especially effective for model description, a task that
is very important in machine learning applications, where analysts need to
audit and understand how models respond to different inputs.!

Auditing and describing machine learning models is essential to ensure that
predictions remain fair, and that they are driven by factors compatible with
the substantive knowledge of domain experts. For instance, in credit scoring
systems, evaluating how variations in applicant characteristics—such as income,
employment status, or ethnicity—influence creditworthiness assessments helps
detect and mitigate potential biases. Similarly, in hiring algorithms, how
models weight different candidate attributes—Ilike education level or years of
experience—can help recruiters use models in decision-making. Audits and
model description are crucial to improve the transparency and interpretability
of data analyses.

13.1 tidymodels and mlr3

The marginaleffects package facilitates model description and auditing by
allowing analysts to compute and visualize predictions, counterfactual compar-
isons, and slopes. It integrates seamlessly with some of the most prominent
machine learning frameworks in R (tidymodels and mlr3) and Python (Scikit
Learn).

tidymodels is a collection of packages in R designed for modeling and machine
learning using tidyverse principles, offering a cohesive interface for data
preprocessing, modeling, and validation (Kuhn and Wickham, 2020). m1r3 is

1Section 2.1.1
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a modern, object-oriented framework in R that provides a comprehensive suite
of tools for machine learning, including a wide array of algorithms, resampling
methods, and performance measures (Lang et al., 2019). By supporting both
tidymodels and mlr3, marginaleffects enables users to interpret a wide
variety of machine learning models . Scikit Learn is a powerful Python library
for machine learning that provides simple and efficient tools for data mining
and data analysis (Pedregosa et al., 2011).

A comprehensive introduction to machine learning in general, or to particular
frameworks, lies outside the scope of this book.? Instead, this chapter shows a
very simple example to demonstrate that the workflow built-up in previous
chapters applies in straightforward fashion to this new context.

Let us consider data on Airbnb rental properties in London, collected and
distributed by Békés and Kézdi (2021). This dataset includes information on
over 50,000 units, including features such as the unit type (single room or
entire unit), number of bedrooms, parking, or internet access. The primary
outcome of our analysis is the rental price of each unit.

To begin, we load the tidymodels and marginaleffects libraries, read the
data, and display the first rows and columns.

library(tidymodels)
library(marginaleffects)
set.seed(48103)

airbnb = get_dataset("airbnb")
airbnb[1:5, 1:6]

# A data frame: 5 x 6

price bathrooms bedrooms beds unit_type “24-hour check-in~
* <int> <dbl> <int> <int> <chr> <int>
1 23 1 1 1 Private room 0
2 50 1 1 1 Private room 0
3 24 1 1 1 Private room 0
4 50 1.5 1 1 Private room 1
5 25 1 1 1 Private room 0

The airbnb dataset includes 55 columns and 52717 rows. We split those rows
into a training set to fit the model, and a test set to make predictions and
evaluate the model’s behavior.

airbnb_split = initial_split(airbnb)
train = training(airbnb_split)
test = testing(airbnb_split)

2See Kuhn and Silge (2022), James et al. (2023), Bischl et al. (2024)
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The next block of code holds the core tidymodels fitting commands. The
boost_tree() function specifies the model type. In this case, we use the
XGBoost implementation of boosted trees, to predict a continuous outcome
(i.e., “regression”). Users who prefer a different prediction algorithm could
swap this line for 1inear_reg(), rand_forest (), bart (), etc. The recipe ()
function identifies the outcome variable (price), and initiates a data pre-
processing “recipe,” that is, a series of steps to transform the raw data into a
suitable format for model fitting. step_dummy () is used to convert categorical
predictors into dummy variables. Finally, the workflow() function combines
the model and the pre-processing recipe, and the fit () function fits the model
to the training data.

xgb = boost_tree(mode = "regression", engine = "xgboost")

mod = recipe(airbnb, price ~ .) [>
step_dummy (all_nominal_predictors()) |[>
workflow(spec = xgb) |>
fit(train)

13.2 Predictions

With the fitted model in hand, we now use the predictions() function to
generate predictions in the test set. As usual, predictions() returns a simple
data frame with the quantity of interest in the estimate column, and the
original data in separate columns. Thus, we can easily check the quality of
our predictions in the test set by plotting the predicted values of the outcome
(estimate) against the actually observed values (price).

p = predictions(mod, newdata = test)

ggplot(p, aes(x = price, y = estimate)) +
geom_point(alpha = .2) +
geom_abline(linetype = 3) +
labs(x = "Observed Price", y = "Predicted Price") +
x1im(0, 500) + ylim(O, 500) +
coord_equal()
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Figure 13.1: XGBoost predictions of rental prices against observed prices.

Every point in Figure 13.1 represents one rental unit in the test set. The x-axis
shows the observed price for that unit and the y-axis shows the predicted price.
Points on the diagonal are correctly predicted. There is considerable spread
around that diagonal, which means our algorithm makes substantial prediction
errors.

Most of the standard functions and arguments in marginaleffects are avail-
able. For instance, to compute the average predicted price of private rooms
and entire homes in the test set, we call avg_predictions() with the by
argument.?

avg_predictions(mod,
by = "unit_type",
newdata = test)

unit_ type Estimate
Entire home/apt 135.9
Private room 50.3

Unsurprisingly, our model expects that, on average, entire homes should be
more expensive than private rooms.

3Note that when we apply a marginaleffects function to model fitted by tidymodels or
mlr3, we do not obtain standard errors. This is because the parameters of machine learning
estimates are not typically accompanied by a variance-covariance matrix, which implies
that we cannot use the delta method. tidymodels has built-in support for some uncertainty
quantification strategies like conformal prediction.



194 Machine learning

13.2.1 Partial dependence plot

A Partial Dependence Plot (PDP) is a strategy to visualize how predictions
change with certain predictors. It computes predictions over a range of values
for a predictor, averaging over other variables, to show how outcomes vary
with changes in a feature. This is useful for understanding complex models.

The plot_predictions() function in the marginaleffects package simplifies
the creation of these plots. The command below computes average predicted
outcomes for each combination of bedrooms and unit_type, and plots the
results.

plot_predictions(mod,
by = c("bedrooms", "unit_type"),
newdata = airbnb) +
labs(x = "# Bedrooms", y = "Predicted Price", linetype = "")

6004

4004

— Entire home/apt

-+ Private room

Predicted Price

2004

0.0 25 5.0 75 10.0
# Bedrooms

Figure 13.2: Relationship between predicted price, number of bedrooms, and
type of rental unit in London.

The plot in Figure 13.2 makes sense substantively. On the one hand, the price
of a single private room does not really change as we increase the total number
of bedrooms in the unit. On the other, the price of renting an entire unit does
increase with the number of bedrooms.

In some contexts, analysts prefer to draw partial dependence plots based
on a counterfactual grid.* The idea, here, is to duplicate the entire dataset
once for every combination of values of the focal variables. Then, we make
predictions on that counterfactual grid, and take an average of predictions.
This counterfactual approach ensures that the distribution of marginalized
covariates is identical for every combination of predictors. The resulting plots
can be interpreted as illustrating “all else equal” predictions.

4Section 5.2.5
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To draw this kind of partial dependence plot, we first build a counterfactual grid.
If the data is very large, duplicating it several times to create counterfactual
versions can require a lot of memory. To circumvent this problem, we build
the grid based on random subset of 10,000 rows from the data set.

set.seed(48103)
airbnb_subset = airbnb[sample(1l:nrow(airbnb), 10000), ]

grid = datagrid(
bedrooms = unique,
unit_type = unique,
newdata = airbnb_subset,
grid_type = "counterfactual")

plot_predictions(mod,
newdata = grid,
by = c("bedrooms", "unit_type")) +
labs(x = "# Bedrooms", y = "Predicted Price", linetype = "")
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13.3 Counterfactual comparisons

As in Chapter 6, we can use the avg_comparisons() function to answer
counterfactual queries such as: On average, how does the predicted price
change when we increase the number of bedrooms by 2, holding all other
variables constant?

avg_comparisons (mod,
variables = list(bedrooms = 2),
newdata = airbnb)
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Estimate

27.3

Our model predicts that the price of a unit with two extra bedrooms will
be £27 higher. Furthermore, we may inquire about the combined effect of
increasing the number of bedrooms by one, and of transitioning from an
apartment without wireless internet access to one with such access. For this,
we use the cross argument.

avg_comparisons (mod,
variables = c("bedrooms", "Wireless Internet"),
cross = TRUE,
newdata = airbnb)

C: bedrooms C: Wireless Internet  Estimate
+1 1-0 14.6

On average, adding one bedroom and wireless internet access to a rental unit
increases the expected price by 15.

In conclusion, the integration of machine learning models with tools like
marginaleffects allows for a deeper understanding and interpretation of
complex models. By leveraging predictions, counterfactual comparisons, and
partial dependence plots, analysts can gain insights into model behavior and
ensure that predictions align with domain knowledge. This approach not only
enhances model transparency but also aids in making informed decisions based
on model outputs.
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Uncertainty

This chapter introduces four approaches to quantify uncertainty around quan-
tities of interest: the delta method, bootstrap, simulation-based inference, and
conformal prediction. We discuss the intuition behind each of these strate-
gies, and reinforce that intuition by implementing simple versions “by hand.”
The code examples are presented for pedagogical purposes; more robust and
convenient implementations are supplied by the marginaleffects package.
Readers who are not familiar with the basics of multivariable calculus may
want to skip this chapter.

14.1 Delta method

The delta method is a statistical technique used to approximate the variance
of a function of random variables. For example, data analysts often want to
compare regression coefficients or predicted probabilities by subtracting them
from one another. Such comparisons can be expressed as functions of a model’s
parameters, but the variances (and standard errors) of transformed quantities
can be difficult to derive analytically. The delta method is a convenient way
to approximate those variances. It allows us to quantify uncertainty around
most of the quantities of interest discussed in this book.

The delta method is useful, versatile, and fast. Yet, the technique also has
important limitations: it relies on a coarse linear approximation, its desirable
properties depend on the asymptotic normality of the estimator,' and it is
only valid when a function is continuously differentiable in a neighborhood of
its parameters. When analysts do not believe that these conditions hold, they
can turn to the bootstrap or simulation-based inference.?

The theoretical properties of the delta method are discussed and proved in
many textbooks (Wasserman, 2004; Hansen, 2022a; Berger and Casella, 2024).

1The delta method relies on the observation that if the distribution of a parameter is
asymptotically normal, then the limiting distribution of a smooth function of this parameter
is also normal (Wasserman, 2004).

2Sections 14.2 and 14.3
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Instead of demonstrating them anew, the rest of this section provides a hands-
on tutorial, with a focus on computation. The goal is to reinforce intuitions by
illustrating how to calculate standard errors manually in two cases: univariate
and multivariate. Then, we briefly consider the use of robust or clustered
standard errors.

14.1.1 Univariate delta method

In this section, we use the delta method to compute the standard error of
a function with one parameter: the natural logarithm of a single regression
coefficient. Consider a setting with three measured variables: Y, X, and Z.
With these variables in hand, the analyst estimates a linear regression model.

Y = Bl + 52X +,@3Z +e (141)

Let Bg be an estimator of the true parameter $3. We know that the variance of
Bs is Var(Bs), but we are not interested in this particular statistic. Rather, our

goal is to compute the variance of a function of the estimator: Var [log(BQ)] .

To get there, we apply a Taylor series expansion. This mathematical tool
allows us to rewrite smooth functions like log(f2) as infinite sums of derivatives
and polynomials. This is a useful way to simplify and approximate complex
functions.

The Taylor series of a function g(a) is always expressed by reference to a
particular point «, where we wish to study the behavior of g. Generically, the
approximation can be written as

1

g(a) = g(a) + ¢'(a)(a - a) + &

where ¢(™ (a) denotes the n'" derivative of g(a), evaluated at a = o

Equation 14.2 is an infinite series, so it is not practical (or possible) to compute
all its terms. In real-world applications, we thus truncate the series by dropping
higher-order terms. For instance, we can construct a first-order Taylor series
by keeping only the first two terms on the right-hand side of Equation 14.2.

We can now approximate the function that interests us, log(ﬁg), as a first-
order Taylor series, about the true value of the parameter 5. Recall that the
derivative of log(f2) is 1//32, and substitute appropriate values into the first
two terms of Equation 14.2.

gla) = g(a) + g'(e)(a — a)

log(Ba) ~ log(B2) + éw} )
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Now, insert the approximation in the variance operator.

L

5, (B2 — B2) (14.3)

Var [log([éz)} ~ Var [log(ﬁz) +

This linearized approximation of the variance is useful, because it allows further
simplification. First, we know that the variance of a constant like 35 is zero,
which means that some of the terms in Equation 14.3 can drop out. Second,
we can apply the scaling property of variances® to rewrite the expression as

Var [log(ﬁg)} R~ ;%Var |:Bg:| (14.4)

Equation 14.4 gives us a formula to approximate the variance of 1og(32). This
formula is expressed in terms of Var(fz), that is, the square of the estimated
standard error. Equation 14.4 also includes the expression 1/85. Since we do

not know the true value of that term, we fall back to using 1/ 5 as a plug-in
estimate.*

To show how this formula can be applied in practice, let’s simulate data that
conform to Equation 14.1, and use that data to fit a linear regression model.

set.seed(48103)

X = rnorm(100)

Z = rnorm(100)

Y=1%X+ 0.5 % Z + rnorm(100)
dat = data.frame(Y, X, Z)

mod = Im(Y ~ X + Z, data = dat)
summary (mod)

Estimate Std. Error t value Pr(>|tl)
(Intercept) -0.05033 0.09740 -0.517 0.6065
X 1.12963 0.09929 11.377 <0.001
Z 0.28486 0.11013 2.587 0.0112

The true fs is 1, but the estimated Bg is

b2 = coef (mod) [2]
b2

[1] 1.129626

The estimated variance of Bg is

v = vcov(mod) [2, 2]
v

3Let ¢ be a constant and A be a random variable, then Var[cA] = ¢?Var[)].
4Section 3.1.1
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[1] 0.009859151

The natural logarithm of our estimate, 10g(32), is

log (b2)

[1] 0.1218865

Using Equation 14.4, we compute the delta method estimate of Var [log(ﬁg)},
and we take its square root to obtain the standard error.

sqrt(v / b2°2)

[1] 0.08789924

To verify that this result is correct, we can use the hypotheses() function
from the marginaleffects package. As noted in Chapter 4, hypotheses()
can compute arbitrary functions of model parameters, along with standard
€ITors.

library(marginaleffects)
hypotheses(mod, "log(b2) = 0")

Hypothesis Estimate Std. Error z Pr(>[z]) 25%  97.5%
log(b2)=0  0.122 0.0879 1.39 0.166 -0.0504 0.294

Reassuringly, the estimate and standard error that we computed “manually”
for log(33) are the same as the ones obtained “automatically” by calling
hypotheses().

14.1.2 Multivariate delta method

The univariate version of the delta method can be generalized to the multi-
variate case. Let B = {81, fa,..., 0k} be a vector of input parameters, and
O ={0,0s,...,0,} represent the vector-valued output of an h transformation.
For example, B could be a vector of regression coefficients. © could be a single
summary statistic, or it could be a vector of length n with one fitted value per
observation in the dataset.’?

Our goal is to compute standard errors for each element of ©. To do this, we
express the multivariate delta method in matrix notation

Var (h(B)) = J* - Var (B) - J, (14.5)

5Chapter 5
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where h(B) is a function of the parameter vector B and Var(h(B)) is the
variance of that function.

J is the Jacobian of h. The number of rows in that matrix is equal to the
number of parameters in the input vector B. The number of columns in J is
equal to the number of elements in the output vector O, that is, equal to the
number of transformed quantities of interest that h produces. The element in
the i*" row and 5" column of J is a derivative which characterizes the effect

of a small change in 3; on the value of 0;.

8[‘31 851 851
o o 7]
J = .52 /.32 /.32

Now, let’s go back to the linear model defined by Equation 14.1, with coefficients
51, P2, and B3. Imagine that we want to estimate the difference between the
27d and 3" coefficients of this model. This difference can be expressed as the
single output 6 from a function & of three coefficients

0= h(ﬂlyﬁQ»BS) = B2 — B3, (14~6)
or

b = coef (mod)
b[2] - b[3]

[1] 0.8447632

To quantify the uncertainty around 6, we use the multivariate delta method
formula. In Equation 14.5, Var(B) refers to the variance-covariance matrix of
the regression coefficients, which we can extract using the vcov() function.

V = vcov(mod)

\

(Intercept) X Z
(Intercept) 0.0094869866 0.0009058965 0.0002349717
X 0.0009058965 0.0098591507 0.0005353338
Z 0.0002349717 0.0005353338 0.0121275336

The J matrix is defined by reference to the h function. In Equation 14.6, h
accepts three parameters as inputs and returns a single value. Therefore, the
corresponding J matrix must have 3 rows and 1 column. We populate this
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matrix by taking partial derivatives of Equation 14.6 with respect to each of
the input parameters.

Having extracted Var(B) and defined an appropriate J for the quantity of
interest 6, we now use Equation 14.5 to compute the standard error.

J = matrix(c(0, 1, -1), ncol = 1)
variance = t(J) %*% V %*) J
sqrt (variance)

[1] 0.1446237

We have thus estimated that the difference between s and fs is 0.845, and
that the standard error associated with this difference is 0.145. Again, checking
this result against the output of the hypotheses() function shows that they
are identical.

hypotheses(mod, hypothesis = "b2 - b3 = 0")

Hypothesis  Estimate Std. Error z Pr(>|z]) 25% 975 %
b2-b3=0 0.845 0.145 5.84 <0.001 0.561 1.13

14.1.3 Robust or clustered standard errors

The calculations in the previous sections relied on “classical” estimates of the
variance-covariance matrix. These estimates are useful, but they rely on strong
assumptions that rule out ubiquitous phenomena like autocorrelation, het-
eroskedasticity, and clustering.® Where such patterns occur, classical standard
errors may inaccurately characterize the uncertainty in our estimates.

To see how the assumptions that underpin classical standard errors can be
relaxed, let’s consider a simple linear regression

Y =XpB+¢,

6 Autocorrelation is often an issue in time series estimation when the prediction errors we
make for a unit of observation at time ¢ are correlated to the prediction errors we make for
the same unit at time ¢ + 1. Clustering sometimes occurs when errors are similar for study
participants drawn from well-defined groups (e.g., classrooms, neighborhoods, or provinces).
Heteroskedasticity arises when the variance of the errors is inconsistent across observations,
such as when our model makes bigger prediction errors for units with certain characteristics.
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where Y is an n x 1 vector of outcome; X is an n X k matrix of covariates,
including an intercept; 8 is a k x 1 vector of coefficients; € is an n x 1 vector of
errors. We can estimate regression coeflicients by ordinary least squares using
the standard formula.

B=(XTX)"YXTy) (14.7)

The usual way to compute the variance of 3 in this context is to use the
“sandwich” formula, so-called because it includes a “meat” expression, squeezed
between identical “bread” components. The classical variance estimate for
ordinary least squares can thus be written as

Var(B) = (XTX) Y2 XTX)(XTX)7?, (14.8)

where 2 can be estimated by taking the variance of estimated residuals.

To illustrate the use of these formulas, let’s load the Thornton (2008) data
and fit a linear regression model with one predictor and an intercept.

library(sandwich)
library(marginaleffects)
dat = get_dataset("thornton")

dat = na.omit(dat[, c("incentive", "outcome")])
mod = Im(outcome ~ incentive, data = dat)
summary (mod)

Estimate Std. Error t value Pr(>|tl)
(Intercept) 0.33977 0.01695 20.04 <0.001
incentive 0.45106 0.01919 23.50 <0.001

The same estimates can be obtained manually by constructing a design matrix
X, a response matrix Y, and by applying Equation 14.7.

X cbind (1, dat$incentive)
Y = dat$outcome
solve(crossprod(X, X)) %*) crossprod(X, Y)

[,1]
[1,] 0.3397746
[2,] 0.4510603

The variance-covariance matrix for these coefficients is obtained via Equa-
tion 14.8.
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e = Y - predict(mod)

var_e = sum((e - mean(e))"2) / df.residual (mod)
bread = solve(crossprod(X))

meat = var_e * crossprod(X)

V = bread %*J, meat %*% bread

'

[,1] [,2]
[1,] 0.0002874265 -0.0002874265
[2,] -0.0002874265 0.0003684119

This is the same as the matrix returned by the vcov() function from base R.
vcov (mod)

(Intercept) incentive
(Intercept) 0.0002874265 -0.0002874265
incentive  -0.0002874265 0.0003684119

And the square root of the diagonal elements of this matrix are the standard
errors printed in the model summary at the top of this section.

sqrt (diag(V))

[1] 0.01695366 0.01919406

One key assumption about classical standard errors is encoded explicitly in
Equation 14.8. In that formula, and in the code that implements it, o2 is a
single number, treated as a constant that reflects the uncertainty for each
observation uniformly. But in many applied contexts, the variance in errors is
not uniform, that is, there is heteroskedasticity.”

One popular strategy to overcome with this challenge is to report “robust”
standard errors, also known as “heteroskedasticity-consistent” or “Huber-White”
standard errors. There are many types of robust standard errors available,
designed to address different data issues (Zeileis et al., 2020). The code below
shows one of the simplest ways to account for heteroskedasticity. It implements
the same sandwich formula as in the classical case, but the “meat” component
includes a matrix with squared residuals on the diagonal. This gives us more
flexibility to account for changes in the variance of prediction errors across the
sample.

meat = t(X) %*), diag(e~2) %x% X
bread %*), meat %*J, bread

[,1] [,2]
[1,] 0.0003612364 -0.0003612364
[2,] -0.0003612364 0.0004362886

"Footnote 6
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A more convenient way to compute the same variance-covariance matrix is
to use the vcovHC() function from the powerful sandwich package, which
supports many models and estimators beyond linear regression.

vcovHC(mod, type = "HCO")

(Intercept) incentive
(Intercept) 0.0003612364 -0.0003612364
incentive  -0.0003612364 0.0004362886

In all marginaleffects functions, there is a vcov argument that allows us
to report various types of robust standard errors. When that argument is
omitted, marginaleffects returns estimates with classical standard errors.
To report heteroskedasticity consistent standard errors instead, we simply add
vcov. For example, the next line of code returns an estimate of the average
counterfactual comparison (risk difference) with heteroskedasticity-consistent
standard error.

avg_comparisons(mod, vcov = "HCO")

Estimate Std. Error  z Pr(>lz]) 25% 975 %
0.451 0.0209 21.6 <0.001 0.41 0.492

The vcov argument accepts several string shortcuts like the one above. It
can also take a variance-covariance matrix, a function that returns such a
matrix, or a formula to specify clusters. The code block below shows a few
examples, but readers are encouraged to consult the manual pages by typing
7hypotheses in R or help(hypotheses) in Python.

V = sandwich: :vcovHC(mod)
avg_comparisons(mod, vcov = V) # heteroskedasticity-consistent
avg_comparisons(mod, vcov ~ village) # clustered by village

In sum, we have seen that the delta method is a simple, fast, and flexible
approach to obtain standard errors for a vast array of quantities of interest. It is
the default approach implemented by all the functions in the marginaleffects
package. By combining the delta method with robust estimates of the variance-
covariance matrix, analysts can report uncertainty estimates that account for
common data features like heteroskedasticity or clustering.



206 Uncertainty

14.2 Bootstrap

The bootstrap is a method pioneered by Bradley Efron and colleagues in the
1970s and 1980s (Efron and Tibshirani, 1994). It is a powerful strategy to
quantify uncertainty about quantities of interest.®

Consider T, a statistic we wish to compute. T;, is a function of an outcome
Y, some regressors X, and the unknown population distribution function F":

Tn = Tn((YlaXI)a ey (Ynaxn)vF)

The statistic of interest T}, follows a sampling distribution G, which depends on
the unknown population distribution F. If we knew F', then G would immedi-
ately follow. The key idea of the bootstrap is to use simulations to approximate
F', and then to use that approximation when quantifying uncertainty around
the quantity of interest.

How do we approximate F' in practice? Since the 1980s, many variations on
bootstrap simulations have been proposed. A survey of this rich literature
lies outside the scope of this book, but it is instructive to consider one of
the simplest approaches: the non-parametric bootstrap algorithm. The idea is
to build several simulated datasets by drawing repeatedly from the observed
sample. With those datasets in hand, we can estimate the statistic of interest
multiple times, and characterize its sampling distribution.

To illustrate, let’s consider a simple linear model fit to the Thornton (2008)
data. The response is outcome, which is a binary variable equal to 1 for study
participants who sought to learn their HIV status, and 0 for the others. There
are three coeflicients, each representing an age category.

dat = get_dataset("thornton")
mod = lm(outcome ~ agecat - 1, data = dat)

coef (mod)
agecat<18 agecatl8 to 35 agecat>35
0.6718750 0.6787004 0.7277354

Our substantive goal is to determine if the proportion of individuals with
outcome=1 is higher in the 35+ age group than in the 18-to-35 bracket. In
other words, the quantity of interest is the difference between the 2° and 34
coefficients of the model. For convenience, we define a statistic() function
to compute this difference.

8The notation and ideas in this section follow Hansen (2022b).
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statistic = \(model) coef(model) [3] - coef (model) [2]
statistic(mod)

[1] 0.04903501

Now, let’s compute a bootstrap confidence interval around this quantity. This
can be achieved in five steps:

1. Sample rows with replacement from the original data.

2. Fit the model to the new dataset.

3. Compute the statistic using the new fitted model’s parameter esti-
mates.

4. Repeat steps 1 through 3 many times.

5. Use quantiles of the bootstrap distribution to build a confidence
interval around the statistic of interest.

The following code implements these five steps.

sample_fit_compute = function() {
# Step 1: Sample
index = sample(l:nrow(dat), size = nrow(dat), replace = TRUE)
resample = dat[index, ]

# Step 2: Fit
mod_resample = lm(outcome ~ agecat - 1, data = resample)

# Step 3: Compute
statistic(mod_resample)

# Step 4: Repeat
set.seed(48103)
boot_dist = replicate(1000, sample_fit_compute())

# Step 5: Quantiles
ci = quantile(boot_dist, prob = c(0.025, 0.975))
ci

2.5% 97.5%
0.01435133 0.08701632

This analysis suggests that the estimated difference between the 3'4 and the
214 coefficient is 0.049, with a 95% confidence interval of [0.014, 0.087)].

The inferences () function from marginaleffects makes this kind of analysis
much easier, by providing a consistent interface to the boot, rsample, and
fwb packages (Canty and Ripley, 2022; Frick et al., 2022; Greifer, 2022). This
empowers users to apply a wide variety of bootstrap resampling schemes. To
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use this functionality, we call any of the core marginaleffects functions, and
pass its output to inferences().?

hypotheses(mod, "b3 - b2 = 0") |[>
inferences(method = "boot", R = 1000)

Hypothesis Estimate 2.5 %  97.5 %
b3-b2=0 0.049 0.0156  0.0846

The results are close those obtained manually, but they vary a little bit due to
the random nature of the procedure and minor differences in the resampling
scheme.

Note that the same workflow works for other marginaleffects functions, such
as avg_comparisons ().

avg_comparisons(mod) |> inferences(method = "boot")
Contrast Estimate 2.5 % 97.5 %
18 to 35 — <18 0.00683 —0.05439 0.0668
>35 — <18 0.05586 —0.00393 0.1151

Bootstrapping is a versatile approach to estimate the sampling distribution
of a statistic. It is widely applicable, even if we do not know the underlying
distribution of the quantities of interest, making it a powerful tool for deriving
standard errors and confidence intervals. However, bootstrapping can be com-
putationally intensive, particularly for large datasets or complex models. In
addition, selecting an adequate resampling scheme can be challenging when
the data-generating process is complex.

14.3 Simulation

Yet another strategy to estimate the uncertainty around quantities of interest
is simulation-based inference. This method is an alternative to traditional
analytical approaches, leveraging the power of computational simulations to
estimate the variability of a given function of parameters. One of the earliest

9 Additional arguments can be passed to control functions from the bootstrap packages,
by directly inserting them in the inferences() call. See ?boot: :boot, ?rsample: :rsample,
and ?fwb::fwb
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applications of this approach can be found in Krinsky and Robb (1986), who
use simulations to quantify the sampling uncertainty around estimates of
elasticities in a regression modeling context. King et al. (2000) subsequently
popularized the strategy and its implementation in the clarify software.!’

The foundational assumption of this approach is that a regression-based
estimator is normal. This allows us to leverage the properties of the multivariate
normal distribution to simulate many sets of coefficients, and many quantities
of interest. This can be done in 3 steps:

1. Draw many sets of parameters from a multivariate normal distribu-
tion, with mean equal to the estimated vector of coefficients, and
variance equal to the estimated covariance matrix.

2. Compute the statistic using each set of simulated coefficients.

3. Build a confidence interval for the quantity of interest by taking
quantiles of the simulated quantities.

As Rainey (2024) notes, this process can be thought of as an informal Bayesian
posterior simulation. While it does not strictly use Bayesian methods, it shares
a similar outlook, using the distribution of simulated parameters to infer the
uncertainty around transformed quantities. By repeatedly sampling from the
parameter space, we can gain a clearer picture of the possible variability.

The code below implements a simple version of this strategy.

# Step 1: Simulate coefficients
library(mvtnorm)

set.seed(48103)

coef_sim = rmvnorm(1000, coef(mod), vcov(mod))

# Step 2: Compute the quantity of interest
statistics = coef_sim[, 3] - coef_sim[, 2]

# Step 3: Build confidence intervals as quantiles
ci = quantile(statistics, probs = c(0.025, 0.975))
ci

2.5% 97.5Y%
0.01343765 0.08461654

Note that the simulation-based confidence interval is slightly different from
those obtained via bootstrap or delta method, but it has the same general
magnitude.

We can obtain similar results with the inferences() function.

0clarify is now available for R (Greifer et al., 2024).
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hypotheses(mod, "b3 - b2 = 0") |[>
inferences(method = "simulation", R = 1000)

Hypothesis Estimate 2.5 % 97.5 %

b3-b2=0 0.049 0.015 0.0871
avg_comparisons(mod, variables = "agecat") [>
inferences(method = "simulation", R = 1000)
Contrast Estimate 2.5 % 97.5 %
18 to 35 — <18 0.00683 —0.05112 0.0599
>35 — <18 0.05586 0.00105 0.1134

Simulation-based inference is easy to implement, convenient, and it applies to a
broad range of models. It trades the analytic approximation of the delta method
for a numerical approximation through simulation. Although simulation-based
inference can be more computationally expensive than the delta method, it is
usually faster than bootstrapping, which requires refitting the model multiple
times.

14.4 Conformal prediction

In Chapter 5, we used the predictions() function to compute confidence
intervals around fitted values. These intervals are designed to characterize the
uncertainty about the model-based expected value of the response.

One common misunderstanding is that these confidence intervals should be
calibrated to cover a certain percentage of unseen data points. This is not the
case. In fact, a confidence interval built using the delta method will typically
cover a much smaller share of out-of-sample observations than its nominal size
would suggest.

To see this, let’s conduct a simulation with two samples of 25 observations
drawn randomly from a normal distribution with mean 7. The Yj.qin set
is used to fit a model, and the set Y;.s is used to check the accuracy of
the model’s predictions. The model we fit is a linear regression with only an
intercept, and we use the predictions () function to compute a 90% confidence
interval around the expected value of the response. Finally, we check how many
observations in the test set are covered by this interval.
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simulation = function(...) {
# Draw random training and test sets
Y_train = rnorm(25, mean = 3.141593)
Y_test = rnorm(25, mean = 3.141593)

# Fit an intercept-only linear model
m = Im(Y_train ~ 1)

# Predictions with 90/ confidence interval
p = predictions(m, conf_level = .90)

# Does the confidence interval cover the true mean?
coverage_mean = mean(p$conf.low < 3.141593 & p$conf.high > 3.141593)

# Does the confidence interval cover out of sample observations?
coverage_test = mean(p$conf.low < Y_test & p$conf.high > Y_test)

out = c(
"Mean coverage" = coverage_mean,
"Out-of-sample coverage" = coverage_test)
return(out)

}

To draw an overall portrait of performance, we repeat this experiment 1000
times, and report the average coverage across experiments.

set.seed(48103)
coverage = rowlMeans(replicate(1000, simulation()))
coverage

Mean coverage Out-of-sample coverage
0.88100 0.24668

The confidence intervals produced by predictions() cover the true mean
of the outcome nearly 90% of the time, which matches the significance level
that we requested using the conf_level argument. However, the confidence
intervals only cover out-of-sample observations 25% of the time. Clearly, if we
want an interval to cover a pre-specified share of unseen data points, we cannot
rely on confidence intervals. We must compute prediction intervals instead.

How can we obtain prediction intervals with adequate coverage? In their excel-
lent tutorial, Angelopoulos and Bates (2022) introduce “conformal prediction”
as

“a user-friendly paradigm for creating statistically rigorous uncertainty
sets/intervals for the predictions of such models. Critically, the sets are
valid in a distribution-free sense: they possess explicit, non-asymptotic
guarantees even without distributional assumptions or model assumptions.”



212 Uncertainty

These are extraordinary claims which deserve to be repeated and empha-
sized. Conformal prediction can offer well-calibrated intervals, that cover a
known share of out-of-sample data points, in finite samples, without making
distributional assumptions, and even if the prediction model is misspecified.

There are three main caveats to this. First, the conformal prediction algorithms
implemented in marginaleffects are designed for exchangeable data.!! They
do not offer coverage guarantees in contexts where exchangeability is violated,
such as in time series data, when there is spatial dependence between observa-
tions, or when there is distribution drift between the training and test data.
Second, these algorithms offer marginal coverage guarantees, that is, they
guarantee that a random test point will fall within the interval with a given
probability. Such intervals may not be well calibrated locally, in different strata
of the predictors.!? Third, the width of the conformal prediction interval will
typically depend on the quality of the prediction model and of the function that
we use to characterize the “quality” of predictions (i.e., the “score” function).!?

A detailed technical treatment of conformal prediction lies outside the scope
of this book, but we can form some intuition by considering two prediction
tasks: numeric and categorical outcomes.

14.4.1 Numeric outcome

This introduction to conformal prediction adopts a code-first rather than a
theory-heavy approach. To make things concrete, we will consider a dataset
which contains demographic information on over 1 million members of the US
military, including variables such as grade, branch, gender, race, and rank. Our
prediction task involves using a linear model to predict the rank of military
personnel based on these individuals’ characteristics.

library(marginaleffects)
dat = get_dataset("military")
head(dat)

# A data frame: 6 x 8

rownames grade branch gender race hisp rank officer
* <int> <chr> <chr> <chr> <chr> <1lgl> <int> <dbl>
1 1 officer army male ami/aln TRUE 2 1
2 2 officer army male ami/aln TRUE 2 1

HThe usual “independent and identically distributed” assumption is a more restrictive
special case of exchangeability.

2Different algorithms have recently been proposed to offer class-conditional cover-
age guarantees (Ding et al., 2023). These algorithms are not currently implemented in
marginaleffects, but they are on the software development roadmap.

I3Note that the score functions implemented in marginaleffects simply take the residual—
or difference between the observed outcome and predicted value. This means that the type
argument must ensure that observations and predictions are on commensurable scales
(usually type="response" or type="prob").
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officer army male ami/aln TRUE
officer army male ami/aln TRUE
officer army male ami/aln TRUE
officer army male ami/aln TRUE
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There are many algorithms available to build prediction intervals. For illus-
tration, we will use one of the simplest: split conformal prediction. The first
step of this strategy is to split the dataset randomly into three parts.'* The
training set is used to fit the prediction model. The calibration set is used by
the conformal prediction algorithm to determine the appropriate width of pre-
diction intervals. The test set is used to evaluate the accuracy of out-of-sample
predictions.

set.seed(48103)

idx = sample(
c("train", "calibration", "test"),
size = nrow(dat),
replace = TRUE)

dat = split(dat, idx)

Now we use the training data to fit a linear regression model. Our goal is
to predict the rank of an individual member of the military, based on four
predictors.

mod = lm(rank ~ grade + branch + gender + race, data = dat$train)
summary (mod)

Estimate Std. Error t value Pr(>|tl)

(Intercept) 5.900195 0.020494 287.893 <0.001
gradeofficer -1.288080 0.006967 -184.880 <0.001
gradewarrant officer -2.167464 0.021205 -102.213 <0.001
brancharmy -0.192071  0.006500 -29.551  <0.001
branchmarine corps -0.705205 0.008311 -84.848 <0.001
branchnavy -0.064200 0.007314 -8.777 <0.001
gendermale 0.286665 0.007123  40.243 <0.001
raceasian 0.430081  0.022936 18.751  <0.001
raceblack 0.652504 0.019943 32.718 <0.001
racemulti -0.584264 0.026247 -22.260 <0.001
racep/i -0.0256871 0.036875 -0.702 0.483
raceunk 1.261640 0.022067 57.173  <0.001
racewhite 0.401818 0.019304 20.816 <0.001

Split conformal inference leverages the assumption that observations in the
calibration set are exchangeable for those in the test set. If, in that sense, the
calibration set is similar to the test set, then it seems reasonable to expect that
the prediction errors we make in one will be similar to the prediction errors

141n this case, the three datasets have approximately the same number of rows, but this
need not be the case.
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we make in the other.'®> With that in mind, we can study the calibration set
to get a sense of how wide the prediction intervals should be.

The code below does three things: (1) use the fitted linear model to make
predictions in the calibration set, (2) compute absolute residuals for each
observation in the calibration set, and (3) plot the distribution of those residuals.
The vertical dashed line shows the 95" quantile of absolute residuals.

# Predictions in the calibration set
yhat_calib = predict(mod, newdata = dat$calib)

# Absolute restduals in the calibration set
resid_calib = abs(dat$calib$rank - yhat_calib)

# Plot
hist(resid_calib, breaks = 50, main = NULL, xlab = "|el|")
abline(v = quantile(resid_calib, 0.95), lty = 2)

30000
|

Frequency

0 10000
|

Figure 14.1: Distribution of absolute residuals in the calibration set, with the
95th quantile identified by a dashed vertical line.

If the calibration and test sets are exchangeable, then it feels reasonable to
expect that 95% of the absolute prediction errors that our model will make in
the test set will fall to the left of the dashed line in Figure 14.1. Thus, if we
want to construct a prediction interval that covers at least 95% of the points in
the test set, we can define a constant d equal to the smallest absolute residual
above the 95" percentile, and build prediction intervals as Y; £d.

15Prediction errors in the training set are usually smaller than errors in either the calibration
or test sets, because of overfitting.
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# Predictions in the test set
yhat_test = predict(mod, newdata = dat$test)

# Measure the width of prediction intervals
995 = quantile(resid_calib, probs = 0.95)
d = min(resid_calib[resid_calib > q95])

# Build prediction intervals
conformal_lo = yhat_test - d
conformal_hi = yhat_test + d

Finally, we can check how many of the unseen data points in the test set are
covered by the split conformal prediction sets.

covered = dat$test$rank > conformal_lo & dat$test$rank < conformal_hi
mean (covered)

[1] 0.9515136

We find that 95.2% of observations in the test set are covered. This is very
close to our target coverage rate of 95%.

Instead of doing all that by hand, we can use the inferences() function from
the marginaleffects package, which yields identical results.

p = predictions(mod) |>
inferences(
method = "conformal_split",
conformal_calibration = dat$calib,
conformal_test = dat$test)

covered = p$rank > p$pred.low & p$rank < p$pred.high
mean (covered)

[1] 0.9515136

14.4.2 Categorical outcome

Now, let’s illustrate an analogous strategy in the context of a classification
task. We use a multinomial logit model to predict what branch of the military
each observation belongs to: air force, army, marine corps, or navy.

library(nnet)
mod = multinom(branch ~ gender * race, data = dat$train, trace = FALSE)

The key difference with the previous section is that the outcome is now nominal,
rather than numeric. For each observation in the test set, we want to predict a
set of classes that should include the true value with a specified probability.
For some individual, the model could thus predict a set of classes {navy,
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air forcel} that, we hope, includes the true branch to which the individual
belongs.

Recall that conformal prediction requires us to quantify the quality of pre-
dictions in a calibration dataset. Instead of using a residuals-based approach
as in the previous section, we measure the quality of class predictions using
a “softmax score,” derived from the probability that the model assigns to
the true (observed) class. Also, rather than preparing a held-out calibration
set as in Section 14.4.1, we use an alternative conformal algorithm based
on cross-validation.'® These changes can be made easily by modifying the
arguments of the inferences() function.

set.seed(48103)
p = predictions(mod, conf_level = .8) |[>
inferences(
R =5,
method = "conformal_ cv+",
conformal_score = "softmax",
conformal_test = dat$test)

The inferences() returns a data frame with one row per observation in
the test set. The pred.set column from that data frame includes one list of
possible classes, for each observation.

Consider the last individual in our test set. If we call predictions() on the
data for that individual, we find that the most likely branch value “army.”

Group Estimate  Std. Error z Pr(>)z|]) 25% 975 %
air force 0.365 0.00746 48.9 <0.001 0.3503  0.380
army 0.422 0.00765 55.2  <0.001 0.4073 0.437
marine corps  0.100 0.00466 21.6 <0.001 0.0912 0.109
navy 0.112 0.00489 23.0 <0.001 0.1028 0.122

predictions(mod, newdata = tail(dat$test, 1))

However, making that single point prediction would be misleading, because
that individual actually belongs to a different branch.

tail (dat$test$branch, 1)

[1] "air force"

16The split conformal algorithm would also work in this context. We use cross-validation
simply for illustration.
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Thankfully, our conformal prediction set included more than just a point
prediction. Indeed, we see that the prediction set associated to that individual
includes the most likely (but incorrect) branch, but also the correct result.

tail(p, 1)

Pred Set 90.0 %

air force, army

More generally, we can check if the individual prediction sets include the true
values of branch in the test set, using the code below.

mean(unlist (Map(\ (o, p) o %in% p, p$branch, p$pred.set)))

[1] 0.8202748

As expected, conformal prediction sets include the correct value of about 80%
of the time.

In conclusion, this chapter has explored various methods to quantify uncertainty
in statistical analysis, including the delta method, bootstrap, simulation-based
inference, and conformal prediction. Each method offers unique advantages
and is suitable for different scenarios, depending on the assumptions one
is willing to make and on the computational resources available. The delta
method provides fast results using linear approximations, while the bootstrap
and simulation-based inference leverage computational power to draw from
re-sampled or simulated results. Conformal prediction offers distribution-free
prediction intervals which, under certain conditions, can be expected to cover
a specified share of unseen data points. Understanding these methods equips
analysts with a comprehensive toolkit to address uncertainty in their analyses.
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Appendix I: Online content

The marginaleffects package is a powerful and versatile tool for statistical
analysis, with features that extend well beyond what we can cover in this book.
These features are documented in detail on the package website, along with
many more case studies and examples: https://marginaleffects.com. What
follows is a partial list of the ever growing resources available on the website.
At that address, you will also find a discussion forum for questions and support,
the complete source code for both R and Python implementations, useful links
to related resources, fun statistical memes, and much more.

e Help & FAQ

e  Bayesian inference

e  Conjoint experiments

o  Contrasts

o Elasticity

o Extending marginaleffects
¢ Generalized additive models
e Interrupted time series

o Interval tests

o Inverse probability weighting
e Joint hypothesis tests

e  Marginal means

o Matching

e  Missing data

e Multilevel regression

e Survival analysis

e Targeted maximum likelihood estimation, etc.
¢ ectc.
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Appendix II: Python

This chapter collects Python code equivalents to nearly all of the R commands
shown in this book. The same code is reproduced, with full output, on the
marginaleffects.com website. The small number of features that are not yet
available in the Python version of marginaleffects are listed on the roadmap
at the end of this appendix.

Note that, by default, marginaleffects commands return data frames in
the Polars format. These objects are easy to convert to Pandas, Numpy, or
other formats using an appropriate .to_x() method. For example, calling the
get_dataset () function returns a Polars data frame that we can convert to
Pandas with .to_pandas (). Recall that Python uses 0-based indexing whereas
R uses 1-based indexing.

import polars as pl

import numpy as np

from marginaleffects import *

from plotnine import *

from scipy.stats import norm

from statsmodels.formula.api import logit, ols

dat = get_dataset("thornton")
dat = dat.to_pandas()
dat.head()

1. Who is this book for?
Section 1.4

dat = get_dataset("Titanic", "Stat2Data")
dat[:6, ["Name", "Survived", "Age"]]
get_dataset(search = "Titanic")
get_dataset("Titanic", "Stat2Data", docs = True)
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3. Conceptual framework

Section 3.2

rng = np.random.default_rng(seed=48103)

N = 10

dat = pl.DataFrame ({

: rng.normal(loc = 0, scale = 1, size = N),
"Bin": rng.binomial(n = 1, p = 0.5, size = N),
"Cat": rng.choice(["A","B","C"], size = N)

Empirical grid
dat

Interesting grid

datagrid(Bin=[0,1], newdata = dat)
datagrid(
Num=[dat ["Num"] .max(), dat["Num"].min()],
Bin=dat ["Bin"] .mean(),
Cat=dat["Cat"].unique(),
newdata = dat)

Representative grid

datagrid(grid_type = "mean_or_mode", newdata = dat)

Balanced grid

datagrid(grid_type = "balanced", newdata = dat)
Counterfactual grid

g = datagrid(
Bin=[0,1],
grid_type = "counterfactual",
newdata = dat
)
g.shape
g.filter(pl.col("rowidcf")<3)
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4. Hypothesis and equivalence tests

dat = get_dataset("thornton")

dat.head(6)

mod = ols("outcome ~ agecat - 1",
data=dat.to_pandas()).fit()

mod.params

dat.group_by("agecat") .agg(pl.col("outcome") .mean())

Section 4.1
Choice of null hypothesis

hypotheses(mod, hypothesis = 0.5)

b = mod.params.iloc[0]

se = np.sqrt(np.diag(mod.cov_params())) [0]
z = (b - 0.5) / se

(norm.cdf (-np.abs(z))) * 2

Linear and non-linear hypothesis tests

hypotheses(mod, hypothesis = "b2 - b0 =
hypotheses(mod, hypothesis = "b2 / b0

|
= O
v\;

import numpy as np
hypotheses(mod, hypothesis = "bl**2 * np.exp(b0) = 0")
hypotheses(mod, hypothesis = "b0 - (bl * b2) = 2")

hypotheses(mod, hypothesis = "difference ~ reference")
hypotheses(mod, hypothesis = "ratio ~ sequential")

Section 4.2

hypotheses(mod, hypothesis = "b2 - bl = 0")
hypotheses(mod, hypothesis = "b2 - bl = 0",
equivalence = [-0.05, 0.05]) ["p_value_equiv"]
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5. Predictions
Section 5.1

dat = get_dataset("thornton")

dat = dat.drop_nulls(subset = ["incentive"])

mod = logit("outcome ~ incentive + agecat",
data=dat.to_pandas()).fit()

b = mod.params

linpred_treatment_younger = b.iloc[0] + b.iloc[3] * 1 + \
b.iloc[1] * 1 + b.iloc[2] * O

linpred_control_older = b.iloc[0] + b.iloc[3] * O + \
b.iloc[1] * 0 + b.iloc[2] * 1

logistic = lambda x: 1 / (1 + np.exp(-x))
logistic(linpred_treatment_younger)
logistic(linpred_control_older)

grid = pl.DataFrame ({
"agecat": ["18 to 35", ">35"],
"incentive": [1, 0]

)

predictions(mod, newdata = grid)

Section 5.2

mod = logit("outcome ~ incentive + agecat + distance",
data=dat.to_pandas()).fit()

Empirical grid

p = predictions(mod)
p.shape

p.columns

pl:4, "estimate"]
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Interesting grid

datagrid(agecat = "18 to 35", incentive = [0,1], model = mod)
predictions(mod,
newdata=datagrid(agecat = "18 to 35", incentive = [0,1]))
predictions(mod,
newdata=datagrid(
distance = 2,
agecat = dat["agecat"].unique(),
incentive = dat["incentive"].max()))

Representative grid
predictions(mod, newdata="mean")
Balanced grid

predictions(mod,
newdata = datagrid(
agecat = dat["agecat"].unique(),
incentive = dat["incentive"].unique(),
distance = dat["distance"].mean()))
predictions(mod, newdata = "balanced")

Counterfactual grid

p = predictions(mod, variables = {"incentive": [0, 1]11})
p.shape
p = pl.DataFrame ({
"Control": p.filter(pl.col("incentive") == 0) ["estimate"],
"Treatment": p.filter(pl.col("incentive") == 1) ["estimate"]
b
plot = (

ggplot(p, aes(x="Control", y="Treatment")) +
geom_point () +
geom_abline(
intercept=0, slope=1, linetype="--", color="grey") +
labs(
x="Pr(outcome=1) when incentive = 0",
y="Pr(outcome=1) when incentive = 1") +
x1im(0, 1) +
ylim(0, 1) +
theme_minimal ()

)
plot.show()
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Section 5.3

p = predictions(mod)
pl"estimate"] .mean()
avg_predictions (mod)
avg_predictions(mod, by="agecat")

avg_predictions(mod, newdata="balanced", by="agecat")

dat["incentive"].value_counts()

avg_predictions(mod, by="incentive")

avg_predictions(mod,
variables={"incentive": [0, 1]},
by="incentive")

Section 5.5
Null hypothesis tests

p = avg_predictions(mod, by="agecat")
p["estimate"] [2]-p["estimate"] [1]

avg_predictions(mod, by="agecat", hypothesis

avg_predictions(mod, by="agecat",

hypothesis = "difference ~ sequential")

avg_predictions(mod, by="agecat",
hypothesis = "difference ~ reference")

avg_predictions(mod, by=["incentive",'"agecat"])
avg_predictions(mod, by=["incentive","agecat"],
hypothesis = "difference ~ sequential | incentive")

Equivalence tests

avg_predictions (mod,
by="agecat",
hypothesis = "b2 - b0 = 0",
equivalence = [-0.1, 0.1])

"b2 - bl = 0")

227
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Section 5.6

Unit predictions

p = predictions(mod)
p = p.with_columns(pl.col("incentive").cast(pl.Utf8))
plot = (
ggplot(p, aes(x="estimate", fill="incentive")) +
geom_histogram() +
labs (x="Pr(outcome=1) when incentive = 0"))
plot = (
ggplot(p, aes(x="estimate", colour="incentive")) +
geom_line(stat='ecdf'))

Marginal predictions

avg_predictions(mod, by="incentive")
plot_predictions(mod, by="incentive").show()
plot_predictions(mod, by=["incentive", "agecat"]).show()
plot_predictions(mod, by="incentive",

newdata = "balanced", draw = False)

Conditional predictions

plot_predictions(mod, condition="distance").show()
plot_predictions(mod, condition=["distance","incentive"]) .show()
plot_predictions(mod,

condition=["distance","incentive", "agecat"]
) .show()
plot_predictions(mod,

condition={"distance" : None, "agecat" : ">35", "incentive" : 0 }
) .show()

Customization

plot_predictions(mod, by="incentive", draw = False)

6. Counterfactual comparisons

dat = get_dataset("thornton")

mod = logit("outcome ~ incentive * (agecat + distance)",
data=dat.to_pandas()).fit()

mod . summary ()
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Section 6.1.1

grid = pl.DataFrame ({
"distance": 2,
"agecat": ["18 to 35"],
"incentive": 1

)

g_treatment = grid.with_columns(pl.lit(1).alias("incentive"))
g_control = grid.with_columns(pl.lit(0).alias("incentive"))
p_treatment = mod.predict(g_treatment.to_pandas())

p_control = mod.predict(g_control.to_pandas())

p_treatment - p_control

comparisons(mod, variables = "incentive", newdata = grid)

Section 6.1.2

comparisons(mod,
variables = "incentive",
comparison = "ratio",

hypothesis = 1,
newdata = grid)

comparisons (mod,
variables = "incentive",
comparison = "lift",

hypothesis = 1,
newdata = grid)
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Section 6.2

Focal variables.

comparisons (mod,
variables="incentive",
newdata=grid)

comparisons (mod,
variables={"incentive" : [1, 0]},
newdata=grid)

comparisons (mod,
variables="agecat",
newdata=grid)

comparisons (mod,
variables={"agecat" : ["18 to 35", ">35"]},
newdata=grid)

# Increase of 5 units
comparisons(mod, variables={"distance": 5}, newdata=grid)
# Increase of 1 standard deviation

comparisons(mod, variables={"distance": "sd"}, newdata=grid)

# Change between specific values

comparisons(mod, variables={"distance" : [0, 3]}, newdata=grid)
# Change across the interquartile range

comparisons(mod, variables={"distance" : "iqr"}, newdata=grid)
# Change across the full range

comparisons(mod, variables={"distance": "minmax"}, newdata=grid)

Cross-comparisons

comparisons (mod,
variables = ["incentive", "distance"],
cross = True,
newdata = grid)

Adjustment variables
comparisons(mod, variables = "incentive")

cmp = comparisons(mod)
cmp . shape
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comparisons (mod,
variables = "incentive", newdata = datagrid(
agecat = dat["agecat"].unique(),
distance = dat["distance"].mean()))

comparisons(mod, variables = "incentive", newdata = "mean")
comparisons(mod, variables = "incentive", newdata = "balanced")
Section 6.3
avg_comparisons(mod, variables = "incentive")
cmp = comparisons(mod, variables = "incentive")
cmp ["estimate"] .mean()
avg_comparisons(mod, variables = "incentive", by = "agecat")
avg_comparisons (mod,

variables = "incentive",

newdata = dat.filter(pl.col("incentive") == 1))

penguins = get_dataset("penguins", "palmerpenguins") \
.drop_nulls(subset = "species")
penguins \
.select("species", "body_mass_g", "flipper_length_mm") \
.group_by("species") .mean()
fit = ols(
"flipper_length_mm ~ body_mass_g * species",
data = penguins.to_pandas()).fit()
avg_predictions(fit, by = "species")
avg_predictions(fit, variables = "species", by = "species")
{"species": "sequential"})

avg_comparisons(fit, variables

Section 6.5

avg_comparisons(mod, variables "agecat")
avg_comparisons(mod, variables = "incentive", by = "agecat",
hypothesis = "b0 - b2 = 0")

"incentive", by
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Section 6.6

avg_comparisons (mod,
variables = "incentive",
by = "agecat")

plot_comparisons(mod,
variables = "incentive",
by = "agecat").show()

plot_comparisons (mod,

variables = "incentive",

condition = "distance").show()
plot_comparisons(mod,

variables = "incentive",

condition = ["distance", "agecat"]).show()
I
7. Slopes

import polars as pl

import numpy as np

from marginaleffects import *

from plotnine import *

from statsmodels.formula.api import logit, ols

np.random.seed (48103)
N = int(le6)

X = np.random.normal(loc=0, scale=2, size=N)
p=1/ (1 + np.exp(-(-1 + 0.5 * X)))
Y = np.random.binomial (n=1, p=p)

dat = pl.DataFrame({"Y": Y, "X": X})
mod = logit("Y ~ X", data=dat.to_pandas()).fit()
mod.params
slopes(
mod,
variables="X",
newdata=datagrid(X = [-5, 0, 10]))
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Section 7.2

dat = get_dataset("thornton")

mod = logit(
"outcome ~ incentive * distance * I(distancex*x2)",
data = dat.to_pandas()).fit()

slopes(
mod,
variables = "distance",
newdata = datagrid(incentive = 1, distance = 1))
slopes(
mod,
variables = "distance",
newdata = "mean"
slopes(mod, variables = "distance")
Section 7.3

"distance")
"distance", by = "incentive")

avg_slopes(mod, variables
avg_slopes(mod, variables

Section 7.5

avg_slopes(mod, variables "incentive")
avg_slopes (mod,

variables = "distance",

by = "incentive",

hypothesis = "b0 - bl = 0")

"distance", by

Section 7.6
plot_predictions(mod, condition = "distance").show()
plot_slopes(mod, variables = "distance",

condition = "distance").show()
plot_slopes(mod,

variables = "distance",

condition = ["distance", "incentive"]).show()
plot_slopes(mod,

variables = "distance",

by = "incentive") .show()
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8. Causal inference with G-computation
Section 8.1

dat = get_dataset("lottery")
dat = dat.filter((pl.col('win_big') == 1) | (pl.col('win') == 0))
mod = smf.ols("earnings_post_avg ~ win_big * (
tickets + man + work + age + education + college + year +
earnings_pre_1 + earnings_pre_2 + earnings_pre_3)",
data=dat) .fit ()
mod . summary ()

d0 = dat.with_columns(pl.lit(0).alias('win_big'))
dl = dat.with_columns(pl.lit(1).alias('win_big'))
pO = predictions(mod, newdata = d0)

pl = predictions(mod, newdata = d1)

dat[5, 'win_big']

pO[5, 'estimate']

pl[5, 'estimate']

pO.select('estimate') .mean()
pl.select('estimate') .mean()

avg_predictions(mod, variables = "win_big", by = "win_big")
avg_comparisons(mod, variables = "win_big")
avg_comparisons(mod, variables = "win_big",
newdata=dat.filter(pl.col('win_big') == 1))
avg_comparisons(mod, variables = "win_big",

newdata=dat.filter(pl.col('win_big') == 0))

Section 8.2

avg_comparisons(mod, variables="win_big", by="work")
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9. Experiments
Section 9.1

dat = get_dataset("thornton")
mod = ols("outcome ~ incentive", data = dat.to_pandas()).fit()
mod.params

avg_comparisons(mod, variables "incentive", vcov = "HC2")

mod = ols("outcome ~ incentive * (age + distance + hiv2004)",
data=dat.to_pandas()).fit()
mod.params

avg_comparisons(mod, variables = "incentive", vcov = "HC2")
Section 9.2
dat = get_dataset("factorial_01")

mod 0ols("Y ~ Ta + Tb + Ta:Tb", data = dat.to_pandas()).fit()
mod.params
plot_predictions(mod, by = ["Ta", "Tb"]).show()

avg_comparisons(mod, variables = "Ta",

newdata = dat.filter(pl.col("Tb") == 0))
avg_comparisons(mod, variables=["Ta", "Tb"], cross=True)
avg_comparisons(mod, variables = "Ta", by = "Tb")

avg_comparisons(mod, variables
hypothesis = "bl - b0 = 0")

llTall , by = IlTblI ,
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10. Interactions and polynomials
Section 10.1

Categorical-by-categorical

dat = get_dataset("interaction_01").to_pandas()
mod = logit("Y ~ X * M", data=dat).fit()
avg_predictions(mod, by=["X", "M"])
plot_predictions(mod, by=["M", "X"]).show()

avg_comparisons(mod, variables = "X")
avg_comparisons(mod, variables = "X", by = "M")
avg_comparisons (mod,

variables = "X",

by = ny" R

hypothesis = "b2 - b0 = 0")
Categorical-by-continuous

dat
mod

get_dataset("interaction_02")

logit("Y ~ X * M", data=dat.to_pandas()).fit()

mod . summary ()

fivenum = lambda x: np.quantile(x, [0, 0.25, 0.5, 0.75, 1])
range = lambda x: np.quantile(x, [0, 1])

p = predictions(mod, newdata=datagrid(X = [0, 1], M = fivenum))
plot_predictions(mod, condition = ["M", "X"]).show()

avg_comparisons(mod, variables = "X")
comparisons(mod, variables = "X", newdata=datagrid(M = range))
comparisons(mod, variables = "X",

newdata=datagrid(M = range),
hypothesis = "bl - b0 = 0")
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Continuous-by-continuous

dat = get_dataset("interaction_03")
mod = logit("Y ~ X * M", data=dat).fit()
predictions(mod, newdata = datagrid(

X = [-2, 2],

M= [-1, 0, 1]1))
plot_predictions(mod, condition=["X", "M"]).show()
avg_slopes(mod, variables = "X")
slopes(mod, variables = "X", newdata = datagrid(M = fivenum))
plot_slopes(mod, variables = "X", condition = "M").show()
slopes(mod, variables = "X", newdata=datagrid(M = range))
slopes(mod, variables = "X", newdata=datagrid(M = range),

hypothesis = "bl - b0 = O")
Multiple interactions

dat = get_dataset("interaction_04")
mod logit("Y ~ X * M1 * M2", data = dat).fit()
mod . summary ()
plot_predictions(mod, by = ["X", "M1", "M2"]).show()
avg_predictions(mod, newdata = datagrid(X = 0, M1 = 0, M2 = 0))
avg_comparisons(mod, variables = "X")
avg_comparisons(mod, variables = "X", by = "M1",
hypothesis = "bl - b0 = 0")
avg_comparisons (mod,
variables = "X", by = ["M2", "M1"])
avg_comparisons (mod,
hypothesis = "bl - b0 = 0",
variables = "X", by = ["M2", "M1"])
avg_comparisons (mod,
hypothesis = "b3 - b2 = 0",
variables = "X", by = ["M2", "M1"])
avg_comparisons (mod,
hypothesis = "(bl - b0) - (b3 - b2) = 0",
variables = "X", by = ["M2", "M1"])
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dat = get_dataset("polynomial_01").to_pandas()

mod_linear = ols("Y ~ X", data = dat).fit()
plot_predictions(mod_linear, condition="X", points=0.05) .show()
mod_cubic = ols("Y ~ X + I(X**2) + I(X**3)", data = dat).fit()
plot_predictions(mod_cubic, condition="X", points=0.05) .show()
slopes(mod_cubic, variables="X", newdata=datagrid(X=[-2, 0, 2]))

dat = get_dataset("polynomial_02").to_pandas()
mod_cubic = ols("Y ~ X + I(X**2) + I(X**3)", data = dat).fit()
plot_predictions(mod_cubic, condition="X", points = 0.1).show()
mod_cubic_interaction = ols("Y ~ M * (X + I(X**2) + I(X**x3))",
data=dat) .fit ()
plot_predictions(mod_cubic_interaction,
condition=["X", "M"], points=0.1).show()
fivenum = lambda x: np.quantile(x, [0, 0.25, 0.5, 0.75, 1])
slopes(mod_cubic_interaction, variables="X",
newdata=datagrid(M=[0, 1], X=fivenum))

13. Machine learning

from marginaleffects import *

import numpy as np

import polars.selectors as cs

from sklearn.pipeline import make_pipeline

from sklearn.model_selection import train_test_split

from sklearn.preprocessing import (OneHotEncoder,
FunctionTransformer)

from sklearn.compose import make_column_transformer

from xgboost import XGBRegressor

airbnb = get_dataset("airbnb")
airbnb[:5, :6]

train, test = train_test_split(airbnb, train_size = 3/4)



13. Machine learning

Section 13.2

# Function to convert data frames into X and y matrices
def df_to_xy(data):
y = data.select(cs.by_name("price", require_all=False))
X = data.select(~cs.by_name("price", require_all=False))
return y, X

# Convert categorical wvariables to dummies
catvar = airbnb.select(~cs.numeric()).columns
preprocessor = make_column_transformer (
(OneHotEncoder (), catvar),
remainder=FunctionTransformer (lambda x: x.to_numpy()),)

# Sctkit-Learn pipeline: pre-process and fit
pipeline = make_pipeline(preprocessor, XGBRegressor())

# Run the pipeline

mod = fit_sklearn(
df_to_xy,
data=train,
engine=pipeline,)

avg_predictions(mod, by = "unit_type", newdata = test)
plot_predictions(mod, by = ["bedrooms", "unit_type"]) .show()
airbnb_subset = train.sample(10000)

grid = datagrid(
bedrooms = np.unique,
unit_type = np.unique,
newdata = airbnb_subset,
grid_type = "counterfactual")

plot_predictions(mod,
by = ["bedrooms", "unit_type"],
newdata = grid) .show()
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avg_comparisons(mod, variables = {"bedrooms": 2})
avg_comparisons (mod,
variables = ["bedrooms", "Wireless Internet"],
cross = True)

Roadmap

At the time of writing (April 2025), the following features were not available
in the Python version of marginaleffects. Please check marginaleffects.com
for developments.

e Bayesian models.

e  Mixed effects models.

e  Categorical outcome models.

e  Functions in the comparison argument of comparisons().

¢ Rug plots in plot_x*() functions.

e Bootstrap, simulation-based inference, and conformal prediction.

e  Multiple comparison correction.

e  Clustered standard errors.

¢ Robust standard errors and link scale predictions for logistic regres-
sion models with Statsmodels.
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